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ABSTRACT
In this thesis, we will present different theoretical tools for demonstrating the
quantum features of possibly large photonic and spin systems. Our aim is not only
to propose experiments demonstrating entanglement/non-locality in possibly large
spin and photonic systems, but to clarify on the requirements that the detection
systems need to fulfil to detect the quantum nature of these large systems. We
will see that collective projections in which the subsystems are measured along the
same direction, does not prevent the detection of entanglement and non-locality.
Even threshold detectors with low efficiencies can be used to reveal non-classical
features of states involving many photons. In parallel, we will make steps to clarify
on the meaning of large/macroscopic when describing quantum states.
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INTRODUCTION
In 1964, J.S. Bell proposed a concrete experiment to show the limit of classi-
cal physics and the necessity of a non-local theory for a complete description of
physical reality [1]. While entanglement allows quantum theory to be non-local,
it is also revolutionising applied physics and many quantum technologies includ-
ing quantum communication, computing and metrology are at the heart of many
academic projects and strategic developments of multinational companies. These
efforts have already led to impressive experimental progress. Quantum crypto-
graphic devices are available commercially since 2004 and the first exchange of
a secret quantum key through space have been realized recently [2]. The field of
quantum computing is advancing rapidly, in part, due to a race between ambitious
companies to realize the first fully functioning quantum computer. Google, for ex-
ample, hopes this year, or shortly after, to perform a computation that is beyond
even the most powerful classical supercomputer and Microsoft aims to perform
the first demonstration of topological quantum computing [3]. The advantage of
using entanglement and in particular, in large systems, for applied physics is well
illustrated in metrology. We quicly present this advantage here.
The aim of metrology is to measure small quantities with a very good accuracy
using a fix number N of particles. For cold atoms, a typical situation is the
rotation of an atom by an angle θ in a magnetic field. One then performs Ramsey-
interferometry to estimate θ, in order to infer the amplitude of the magnetic field
[4]. Quantum states with particles exhibiting quantum correlations, or more pre-
cisely, quantum entanglement [6], can provide a higher precision than an ensemble
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of uncorrelated particles. Very general derivations lead to, at best, a variance of
∆θ =
1
N
(1)
for non-entangled particles. Equation (1) is called the shot-noise scaling. On the
other hand, quantum entanglement makes it possible to reach a variance of
∆θ =
1
N2
(2)
which is called the Heisenberg-scaling. One can see that not only does one need
entanglement in order benefit from such scaling but entanglement in a large quan-
tum system.
With this simple yet powerful example, we see a clear advantage for metrology
when using entangled states with a large number of particles. The same advan-
tage holds for quantum computation, in particular measurement-based quantum
computation where one needs entanglement between all the qubits to start with,
e.g in a form of a cluster state [5], before performing individual measurements.
In quantum communication, the long term goal is to realise quantum networks
where entanglement can be distributed in between multiple nodes so that they
can share secret keys and subsequently secret communications. Entanglement in
large systems is thus a key ingredient of each of these quantum technologies.
Before presenting our results, we begin by defining entangled states. The sim-
plest scenario is the one where two parties, Alice and Bob, share a pure state |ψ〉
∈ HA⊗HB . |ψ〉 is a product state if one can find states |φ〉A and |φ〉B such that
|ψ〉 = |φA〉 ⊗ |φB〉 . (3)
To keep the notation simple, we often write the tensor product of two states as
|φA〉 ⊗ |φB〉 = |φAφB〉. A pure state is said to be entangled if it is not a product
state. In the case of mixed states, if there exist a convex sum of state ρAi ⊗ ρBi
with weights pi such that
ρsep =
∑
i
piρ
A
i ⊗ ρBi , (4)
2
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the state ρsep is separable. If a state is not separable, it is said to be entangled.
With this definition in place, we now discuss tools to detect entanglement. One
possible way of demonstrating entanglement is to use separability criteria [8, 9, 10,
11]. In a bipartite system, separability criteria are direct constraints on the density
matrices satisfying (4). To check that a given state does not satisfy some of these
constraints and is thus entangled, one usually requires extensive knowledge of the
elements of the density matrix of the tested state, which can be very demanding
as the dimension of the system grows. To avoid this problem, one might use an
entanglement witness which is an operator W satisfying
Tr(Wρsep) ≥ 0 (5)
for all separable state. A schematic picture of the set of quantum states including
Figure 1: Schematic picture of the set of all states and the set of separable states. A
tight witness W is represented by a black line which corresponds to an hyperplane
defines by Tr(Wρ) = 0. The part of entangled states detected by the witness is
represented by the red region with many eyes.
the hyperplane defined by Tr(Wρ) = 0 is represented in Fig.(1). One can directly
see the advantage of using such witnesses: It allows one to detect entanglement
even in a large ensemble of particles where it is only possible to perform a restricted
set of measurements. A witness can simply be constructed from this restricted set
of measurements. Finding witnesses of entanglement tailored to specific cases has
been an active field of research in the past 20 years [12] .
Note than one can also consider more general cases involving more than 2 parties.
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We say that a pure state of N parties is fully separable if it is a product state of
all parties, that is, if
|ψ〉 = |φ1〉 ⊗ |φ2〉 ...⊗ |φN〉 . (6)
A mixed state is called fully separable if it can be written as a convex combination
of pure fully separable states, that is, it can be written as
ρ =
∑
k
pkρ
k
1 ⊗ ρk2 ⊗ ...⊗ ρkN . (7)
If a state is not fully separable, it contains some entanglement. This does not yet
imply true genuine entanglement. Thus, we call a pure state m-separable, with
1 < m < N, if there exists a splitting of the N parties into m parts L1, ..., Lm
such that
|ψ〉 = |φ1〉L1 ⊗ |φ2〉L2 ...⊗ |φM〉Lm . (8)
holds. Note that an m-separable state still may contain some entanglement. We
called mixed states m-separable, if they can be written as convex combinations
of pure m-separable states, which might belong to different partitions. Finally,
we call a state truly N -partite entangled when it is neither fully separable, nor
m-separable, for any m > 1. In this multipartite scenario, entanglement witnesses
again show themselves to be very useful for the characterization of entanglement
[13, 14, 15, 16].
As we have seen, entanglement witnesses are useful tools for characterizing en-
tanglement. However, the certification of entanglement using a witness usually
relies on either an accurate description of the measurement device or an assump-
tion about the Hilbert space dimension. Such assumptions typically rely on the
best understanding of the physics of the measured system currently available - a
physical model consistent with the history of previous experiments performed on
the same setup. Nonetheless, this does not protect against interpretation bias,
which can lead to erroneous conclusions, e.g. about the presence of quantum
features [17]. The proper use of these assumptions is crucial in the use of entan-
glement witnesses.
Let us give an example to illustrate how one can make wrong conclusions if the hy-
potheses about the accurate description of the measurement and the dimension of
the Hilbert space are not fulfilled. Two parties Alice and Bob share a state which
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they assume to be a two qubit state and want to demonstrate its entanglement
property. For a two qubit separable state, it is straightforward to demonstrate
that
〈W〉 = 1− (〈σAx σBx 〉+ 〈σAy σBy 〉) ≥ 0, (9)
where σAi (σ
B
i ) represents a Pauli measurement in the direction i for Alice (Bob).
W is thus a witness of entanglement. Now consider the case where they do not
actually share a state of two qubits. The state of Alice and Bob could live in a
higher dimension
ρ =
1
4
1∑
i,j=0
|xi, yj〉 〈xi, yj|A ⊗ |xi, yj〉 〈xi, yj|B (10)
for example, where x0, x1 (y0, y1) correspond to the two eigenvectors of σx (σy).
When Alice and Bob measure W, they could be measuring σx ⊗ 1 instead of σx
and 1⊗ σy instead of σy. They will thus find 〈W 〉 = −1 and conclude about the
presence of entanglement even if ρ is separable. The hypothesis behind the use of
this witness was wrong and thus led to wrong conclusions. This naturally raises
the question of how to demonstrate entanglement in a device independent way,
that is, without assumption on the description of the measurement device and on
the dimension of the Hilbert space.
X Y
a b
Alice Bob
Figure 2: Schematic representation of a CHSH test where two protagonists Alice
and Bob have two black boxes with inputs (X,Y) and outputs (a,b) and perform
measurement in order to have access to correlators.
Fully device independent certification relies on Bell inequalities. The simplest Bell
test is described in the Clauser-Horne-Shimony-Holt (CHSH) scenario, where two
protagonists Alice and Bob have two black boxes with two inputs (X, Y ) and two
5
Introduction
outputs (a, b) as shown in Fig. (2). They then compute the joint probability of ob-
taining one output given one input P (a, b|X, Y ). The hypothesis of locality leads
to constraints on these probabilities which we call a Bell inequality. It turns out
that Bell inequalities are very powerful tools for device independent conclusions.
For example, given the maximum violation of the CHSH inequality, one can certify
that the state is a singlet state up to local isometry [19] and the measurement per-
formed are Pauli matrices. Bell tests thus allow us to conclude about the presence
of entanglement in scenario where we have uncharacterised measurement devices
and state dimension.
As we have seen, we can make use of many tools to characterize quantum fea-
tures in different systems. The aim of this work is to show how they can be used
for detecting experimentally quantum features in possibly large systems, including
spin and photonic systems. We also clarify on the requirements that the detection
systems need to fulfil to detect the quantum nature of these large systems.
In the first step, we develop a method to witness bipartite entanglement in spin
systems which is robust against noise and only requires low order moments of col-
lective spin observables. We describe this method in Chapter 1: Entanglement
witnesses for a split many-body system.
We then study the possibility to characterize bi-partite non locality in a many
body system in Chapter 2: Bipartite Bell non locality in many-body sys-
tems.
So far, we have limited ourselves to the detection schemes which are used in
experiments. Could we go beyond this? Can one use a noisy detector like the
human eye in order to detect quantum features in a photonic state? We elaborate
on that in Chapter 3: Detection of the non-classical nature of light with
the human eye.
Optical technologies have been a very promising resource for quantum commu-
nication. We investigate in Chapter 4 genuine entanglement in photonic systems
in a scenario relevant for future quantum networks, Genuine Entanglement in
multi-partite photonic systems.
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As we consider systems with large numbers of particles, we make a concrete pro-
posal for defining the size of a quantum state which can be applied to different
systems. We detail our contribution on this in Chapter 5: Macroscopic quan-
tum states of light.
7
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CHAPTER 1
ENTANGLEMENT WITNESSES FOR A SPLIT
MANY-BODY SYSTEM
We begin our investigation by being interested with the simplest form of entan-
glement, namely bipartite entanglement in many body systems. Let us start by
noting that Bell correlations that is, correlations strong enough to violate a Bell
inequality, have been demonstrated in a Bose-Einstein-Condensate (BEC) [20]. A
natural question is then if it is possible to demonstrate non locality if one sep-
arates this system into two spatially separated subsystems. We propose a first
step toward a Bell test by focusing on witnesses of entanglement suited for a split
many-body system.
More precisely we consider the scenario of Fig. 1.1 where two parties Alice and
Bob share many 1/2 spins. In practice, these spins can be physically implemented
in two internal states of atoms. Due to current imaging techniques, it is very
hard to address the spin of each atom individually. We thus restrict ourselves to
collective measurements where each party can only address all of its atoms in the
same direction. Even with collective measurements, one might further encounter
an imperfect precision on the atom number distribution which constrains us to
consider only low order moments of such spin operators. In any such experiment
the statistics that are feasible are also finite, and thus the ability to access high
order moments of collective spin observables from the distribution of the measured
collective spins is limited. In practice only first and second order moments of col-
lective spin observable can be measured with reasonable precision.
9
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Alice Bob
Figure 1.1: Schematic representation of the bipartite we considered. A bipartite
system constitute with many qubits which can be two internal energie level of
atoms.
We thus develop numerical methods to characterize the set of separable first and
second order moments of collective spin observables. This method allows us to find
any witness constructed by the linear combination of first and second order mo-
ments of collective spin observables, and thus conclude about entanglement only
based on this knowledge. We consider a split spin squeezed state as an example to
illustrate the usefulness of our method and present optimal witnesses for this state.
10
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Optimal entanglement witnesses in a split
spin-squeezed Bose-Einstein condensate
Enky Oudot, Jean-Daniel Bancal, Roman Schmied,
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Optimal entanglement witnesses in a split spin-squeezed Bose-Einstein condensate
Enky Oudot,1 Jean-Daniel Bancal,1 Roman Schmied,2 Philipp Treutlein,2 and Nicolas Sangouard1,*
1Quantum Optics Theory, Department of Physics, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
2Quantum Atom Optics Laboratory, Department of Physics, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
(Received 6 March 2017; published 30 May 2017)
How do we detect quantum correlations in bipartite scenarios using a split many-body system and collective
measurements on each party? We address this question by deriving entanglement witnesses using either only
first-order or both first- and second-order moments of local collective spin components. In both cases, we derive
optimal witnesses for spatially split spin-squeezed states in the presence of local white noise. We then compare the
two optimal witnesses with respect to their resistance to various noise sources operating either at the preparation
or at the detection level. We finally evaluate the statistics required to estimate the value of these witnesses when
measuring a split spin-squeezed Bose-Einstein condensate. Our results can be seen as a step toward Bell tests
with many-body systems.
DOI: 10.1103/PhysRevA.95.052347
I. INTRODUCTION
Substantial efforts have been devoted in the past years to the
characterization of many-body systems through the entangle-
ment of their elementary bodies [1,2]. While entanglement is
usually detected using entanglement witnesses in many-body
systems, first theoretical [3–8] and experimental [9] steps
have been taken to test a Bell inequality on a many-body
system. The interest is twofold. First, the violation of a Bell
inequality certifies the presence of a stronger form of quantum
correlation than entanglement, namely, Bell correlations [10].
Second, Bell inequalities certify the presence of nonclassical
correlations independently of the device, i.e., without assump-
tion of the Hilbert space dimension or the structure of the
measurement operation [11]. While Bell correlation witnesses
have been proposed and used recently to successfully detect
Bell-correlated states in a Bose-Einstein condensate [9],
the device-independent detection of nonclassical correlations
remains to be demonstrated in many-body systems. The
main problem is that Bell tests require one to address the
constituent bodies individually, which is challenging in many-
body systems. A natural approach to circumvent this problem
consists first in a bipartite splitting of the constituent bodies
and then in applying collective measurements on each party.
While the ultimate goal is to perform a Bell test, we focus
on a simpler task in this paper, namely, the detection of
entanglement between these two parties.
Let us clarify the scenario. We consider an ensemble of N
atoms with two internal states 1 and 2 and located at location
A. Let aˆi and aˆ†i with i ∈ {1,2}, be the corresponding bosonic
operators satisfying [aˆi ,aˆ†j ] = δi,j . To describe this ensemble
of atoms, we use the picture of a collective spin, i.e., a vector
of operators JA with components
ˆJAx =
1
2
(aˆ†1aˆ2 + aˆ1aˆ†2), (1)
ˆJAy =
1
2i
(aˆ†1aˆ2 − aˆ1aˆ†2), (2)
ˆJAz =
1
2
(aˆ†1aˆ1 − aˆ†2aˆ2), (3)
*nicolas.sangouard@unibas.ch
satisfying the commutation relations
[
ˆJAi ,
ˆJAj
] = iijk ˆJAk , (4)
where ijk is the Levi-Civita symbol and i,j,k ∈ {x,y,z}. The
component ˆJAz of the collective spin is half the population
difference between the two internal states while ˆJAx and ˆJAy
describe the coherence between these two states. We consider
the case where initially this spin points in the x direction
|ψ0〉 = 1√
N
e−i
π
2
ˆJAy aˆ
†N
1 |0〉 , (5)
where |0〉 is the vacuum state for all modes and then undergoes
one-axis twisting [12,13]
|ψ〉 = e−iχt( ˆJAz )2 |ψ0〉 . (6)
This results in a spin-squeezed state, i.e., a state for which the
variance along a certain direction ( ˆJA⊥ )2 = 〈( ˆJA⊥ )2〉 − 〈 ˆJA⊥ 〉2
is smaller than 1
N
|〈 ˆJAx 〉|2. This means that the mean spin
projection of the state is large, and in a direction orthogonal to
it, the spin variance is small. While the product of the squeezing
rate χ and interaction time t could be used to quantify
the amount of squeezing as in Refs. [14,15], one usually
refers to the spin squeezing or Wineland parameter [16,17]
ξ 2 = N( ˆJA⊥ )2〈 ˆJAx 〉2 . For a coherent spin state like |ψ0〉, ξ
2 = 1.
ξ 2 < 1 witnesses metrologically useful states; see, e.g., [13,18]
for a detailed discussion. For the state |ψ〉, this parameter is
given by
ξ 2 = 1
4
cos(χt)2−2N (3 + N − (N − 1){cos(2χt)N−2
+
√
[1 − cos(2χt)N−2]2 + 16 cos(χt)2N−4 sin(χt)2}).
In the rest of the paper, we quantify spin squeezing through
the quantum noise reduction in dB using 10 log10(ξ 2) for
N = 500 atoms. For example, −10 dB squeezing corresponds
to χt = 0.0058. Note that the existence of spin squeezing
is connected to quantum correlation between the spins [14],
and many entanglement witnesses have been derived for
spin-squeezed states; see [12,13] for reviews.
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aˆ1
aˆ2 bˆ2
bˆ1
A B
FIG. 1. Schematic representation of the four mode system of
interest. The two internal states of the atoms located in A are initially
prepared in a coherent spin state along the x direction [Eq. (5)]
before being squeezed with one-axis twisting [Eq. (6)]. The atoms are
then spatially split and distributed between A and B with a binomial
distribution before being measured collectively. The aim of this paper
is to propose entanglement witnesses that could be used to reveal
entanglement between locations A and B in the presence of noise.
In this paper, we consider the case where the atoms are
spatially split with a state-independent beamsplitter, i.e.,
|φ〉 = e π4 (aˆ†1 ˆb1+aˆ†2 ˆb2−H.c.) |ψ〉 , (7)
where ˆbi and ˆb†i are bosonic operators for the location B,
see Fig. 1. Our aim is to show how to reveal entanglement
between A and B using the collective spin observables given
in Eqs. (1)–(3) and similarly for B. Let us mention that
entanglement [19–22] and steering [23] have been studied
in a different scenario where a beamsplitter interaction is
applied in order to couple two spin-squeezed states. In this
work, we show how to derive optimal witnesses for the
state |φ〉 in the presence of local white noise using either
only first-order or both first- and second-order moments of
local collective spins. Interestingly, we find in each case
witnesses that are closely related to existing entanglement
criteria [24–27] and we show how they could be used
to reveal entanglement in a split Bose-Einstein condensate
(BEC).
Concretely, we consider a two-component BEC of alkali
atoms where two hyperfine states represent a pseudo-spin 12
for each atom, see Fig. 1. Such a BEC can be prepared in
one of the two hyperfine levels without discernible thermal
components before being rotated with a π/2 pulse around the
y axis, hence creating a coherent spin state pointing along
the x direction as described by Eq. (5). To create quantum
correlations between the spins, one can make use of elastic
collisions in state-dependent potentials [28,29], giving rise to
one-axis twisting as in Eq. (6). The spatial splitting is done
by slowly raising a barrier in a state-independent potential
as in Refs. [30,31]. To characterize the resulting state, the
collective observables ˆJA/Bz can be accessed locally in each
well by counting the number of atoms in each hyperfine state
using resonant absorption imaging [32]. Projections along
other spin directions are obtained by appropriate Rabi rotations
in each well before the measurement. We show through a
detailed feasibility study that the detection of entanglement
in this system is within reach using currently available
setups.
The outline of this paper is the following. In Sec. II, we
derive witnesses using first-order moments of local collective
spin operators, i.e., 〈 ˆJAi 〉, 〈 ˆJBi 〉, and 〈 ˆJAi ˆJBj 〉, where i,j
label the components in the directions x, y, and z. We
show in particular, the entanglement witness that is optimal
regarding the tolerance to local white noise. In Sec. III, we
consider the set of witnesses involving not only first-order
moments of local collective operators, but also the second-
order moments 〈( ˆJAi )2〉 and 〈( ˆJBi )2〉 and derive again the
witness that is optimal with respect to the tolerance to local
white noise. The optimal witnesses presented in Secs. II
and III are then compared in Sec. IV with respect to various
experimental issues operating either at the level of the state
preparation or at the level of the detection. Section V is
devoted to a feasibility study using a spin-squeezed Bose-
Einstein condensate. We quantify in particular the statistics
needed to estimate the value of our entanglement witnesses
in realistic parameter regimes. We conclude in the last
section.
II. ENTANGLEMENT WITNESSES USING FIRST-ORDER
MOMENTS OF LOCAL COLLECTIVE SPIN
OBSERVABLES
This section is divided into three subsections. The first one
shows how to derive entanglement witnesses using first-order
moments of local collective spin observables. The second
subsection aims at identifying the witness that is optimal with
respect to local white noise. The last subsection presents the
result of this optimization.
A. Construction of entanglement witnesses
We first consider the case where na atoms are located in
A and nb in B. With this in mind, we focus on the set of
expectation values of first-order moments of local collective
spin observables (LCSOs). This is a real space consisting
of all possible values of 〈 ˆJAi 〉, 〈 ˆJBi 〉, and 〈 ˆJAi ˆJBj 〉, where
i,j,k = {x,y,z}. Note that the marginals 〈 ˆJAi 〉 and 〈 ˆJBi 〉 are
constrained by
||〈 JA〉|| 6 na
2
, ||〈 JB〉|| 6 nb
2
. (8)
This can be seen by noting that by a rotation, the vector
〈 JA〉 = (〈 ˆJAx 〉,〈 ˆJAy 〉,〈 ˆJAz 〉) can be brought to a form where one
component only is nonvanishing. Since any component ˆJAi
has −na/2 and na/2 as eigenvalues with the largest modulus,
||〈 JA〉|| is bounded by na/2. The same arguments apply to
||〈 JB〉||. We call U the space of possible values of 〈 ˆJAi 〉, 〈 ˆJBi 〉,
and 〈 ˆJAi ˆJBj 〉 satisfying the inequality (8).
We now consider a subspaceL generated by the expectation
values of first-order moments of LCSOs that are obtained from
separable states, i.e., states of the form
ρna,nb =
∑
k
pkρ
A(k)
na
⊗ ρB(k)nb , (9)
where pk is a probability distribution. L is a convex set. This
can be seen by considering the sum  X + (1 − ) Y of two
vectors in L where  is an arbitrary positive real number
smaller than or equal to 1. The components of X + (1 − ) Y
can be written as a sum of two traces involving the same LCSO
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Wopt( )
U
L
FIG. 2. Schematic representation of the set U of expectation
values of first-order moments of local collective spin observables
〈 ˆJAi 〉, 〈 ˆJBi 〉, 〈 ˆJA,Bi,j 〉, where i,j,k ∈ {x,y,z} satisfying ||〈 JA〉|| 6 na2
and ||〈 JB〉|| 6 nb2 . The subset L is generated by the expectation
values of first-order moments of local collective spin observables
obtained from separable states [Eq. (9)]. Since L is a convex set, a
family of linear witnesses is sufficient to fully characterize it. The
minimum value that these witnesses can take on separable states
w(α)na,nb − W (α)na,nb = 0 defines hyperplans in U that are tangent
to L. One of these hyperplans is drawn as a black line. The fact that
some of these witnesses can be violated indicates that U is larger
than L.
and two different separable states. By the linearity of the trace
and the convexity of the set of separable states, we deduce
that  X + (1 − ) Y belongs to L, i.e., L is convex. Hence,
to characterize L, it is sufficient to consider witnesses that are
linear with respect to 〈 ˆJAi 〉, 〈 ˆJBi 〉, and 〈 ˆJAi ˆJBj 〉; see Fig. 2. Such
witnesses are of the form W (α)na,nb = 〈 ˆW (α)〉 with
ˆW (α) =
∑
i,j=x,y,z
αi,j ˆJ
A
i
ˆJBj + α¯i ˆJAi + αi ˆJBi (10)
the corresponding operators. These witnesses can be
parametrized by a vector α = (αi,j ,α¯i ,αi) with 15 elements.
Each vector α defines one particular direction in the space U
and the maximum value that a given W (α) can take over the set
of separable states defines the boundary of L in the direction
α. For any product state ρA(k)na ⊗ ρB(k)nb , we have
W (α)(k)prod,na,nb
=
⎛
⎝ ∑
i,j=x,y,z
αi,j
〈
ˆJ
A(k)
i
〉〈
ˆJ
B(k)
j
〉+ α¯i 〈 ˆJA(k)i 〉+ αi 〈 ˆJB(k)i 〉
⎞
⎠,
where 〈 ˆJA(k)i 〉 = tr(ρA(k)na ˆJAi ) and similarly for 〈 ˆJB(k)i 〉. We
deduce that for any state of the form (9), we have
W (α)sep,na,nb =
∑
k
pkW (α)(k)prod,na,nb
6 max
k
⎛
⎝ ∑
i,j = x,y,z
αi,j
〈
ˆJ
A(k)
i
〉〈
ˆJ
B(k)
j
〉
+ α¯i
〈
ˆJ
A(k)
i
〉+ αi 〈 ˆJB(k)i 〉
⎞
⎠, (11)
where W (α)sep,na,nb refers to the set of values attainable by
W (α)na,nb while considering only the separable states given in
Eq. (9). For a given choice of α, the value of k which saturates
the inequality (11) defines a separable bound w(α)na,nb , i.e.,
the maximum value that W (α)sep,na,nb can take. The latter can
be computed as
w(α)na,nb = max||〈 JA〉||6 na2 ,||〈 JB 〉||6 nb2
×
⎛
⎝ ∑
i,j=x,y,z
αi,j
〈
ˆJAi
〉〈
ˆJBj
〉+ α¯i 〈 ˆJAi 〉+ αi 〈 ˆJBi 〉
⎞
⎠.
This yields the following family of witnesses:
w(α)na,nb − W (α)na,nb > 0, (12)
which is satisfied by measurement on all separable states. Note
that there is no guarantee that the previous inequality can be
violated. A violation of this inequality, however, reveals the
presence of entanglement.
Now consider the case in which N spins are split leading
to a fluctuating number of particles between the two locations
A and B at each run. Since we are only considering local spin
observable measurements, the coherence between different
atom numbers on each side cannot be probed and only the
distribution of the particles p(na,N − na) between the two
wells matters. Following the same line of thought we get a
separable bound for any distribution of particles across the
two wells, including the case where the atomic fluctuations
during the splitting result in reduced fluctuations of the
relative atom number between A and B. That is, w(α) =∑
na
p(na,N − na)w(α)na,N−na . Since we are considering the
splitting given in Eq. (7) leading to a binomial distribution of
particles, we end up with the separable bound
w(α) =
∑
na
1
2N
(
N
na
)
w(α)na,N−na (13)
and the corresponding entanglement witnesses
w(α) − W (α) > 0 (14)
with W (α) the expectation value of ˆW (α) given in Eq. (10),
evaluated on the state (7) which involves variable local atom
numbers.
B. Optimal witness with respect to local white noise
Now that a family of witnesses is available, we want to find
the one that is the most relevant for the scenario described
in the Introduction. In particular, we consider the general case
where the split spin-squeezed state |φ〉 experiences local white
noise in each location, i.e., we consider the state
ρnoisy = p |φ〉 〈φ| +
N∑
k = 0
(1 − p)
(k + 1)(N − k + 1)
(
N
k
)
Ik
⊗ IN−k, (15)
where Ik is the identity for k particles in the symmetric
subspace and we look for the witness that can detect entangle-
ment for the smallest value of p. Note first that W (α)ρnoisy =
tr( ˆW (α)ρnoisy) = p tr( ˆW (α) |φ〉 〈φ| ) = pW (α)|φ〉. For a given
choice of α, we defineW (α)opt|φ〉 as the maximal value ofW (α)|φ〉
over all possible local rotations. Since entanglement is by
definition invariant under local rotation, the resistance to noise
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FIG. 3. Tolerable noise as a function of the number of atoms for
the criterion (17) for different squeezing. The black dots correspond
to the results of the numerical optimization, which have been obtained
following the procedure described in Sec. II B.
of the witness corresponding to the direction α is given by the
value of p such that
pW (α)opt|φ〉 = w(α). (16)
We emphasize here that w(α)/W (α)opt|φ〉 = pmin < 1 implies
that the witness w(α) − W (α)opt|φ〉 > 0 parametrized by the
direction α detects entanglement in state ρnoisy [Eq. (15)] for
p going from pmin to 1. The optimal witness is thus associated
with the particular direction α such that the ratiow(α)/W (α)opt|φ〉
takes the smallest possible value. Since the state |φ〉 depends on
χt and N , the procedure needs to be repeated when changing
these two parameters. The result of this optimization is given
in the next subsection.
C. Result of the optimization
To find the witness admitting the largest amount of noise,
we minimized numerically the value of the ratiow(α)/W (α)opt|φ〉
over all choices of α and of local unitaries. We display the
results of this optimization (black dots) in Fig. 3 where we plot
the resistance of noise vs the spin number for various squeezing
parameters. For comparison, we also plot the resistance of the
criterion S (solid, dashed, and dotted lines) whose precise form
is given below in a basis where the state |φ〉 is rotated by the
squeezing angle around the x axis before the beamsplitter so
that z corresponds to the squeezed direction [13]
S = 〈 ˆJAx ˆJBx 〉+ 〈 ˆJAy ˆJBy 〉− 〈 ˆJAz ˆJBz 〉 6 N (N − 1)16 . (17)
The previous inequality holds for any separable state. It is
closely connected to the minimization of the scalar product
between JA and JB [27] (see also [33,34]) which requires
correlations between the two parties to be violated, namely,
entanglement. This inequality is violated by a split spin-
squeezed state. The comparison in Fig. 3 shows that it is
actually the witness involving first-order moments of LCSOs
that can tolerate the largest amount of white noise when
considering spin-squeezed states. We will show in Sec. IV B,
that any symmetric state having a second moment of a
collective spin (in any direction) which is smaller than the one
of a coherent spin state (with the same mean number of spins)
leads to a violation of the inequality (17) after splitting. A split
Dicke state with N/2 excitations leads to S = N (N + 1)/16
and provides the maximum violation.
III. ENTANGLEMENT WITNESSES USING
SECOND-ORDER MOMENTS OF LOCAL COLLECTIVE
SPIN OBSERVABLES
In this section, we follow the line of thought presented
in the previous section to develop entanglement witnesses
involving higher-order moments. We start by considering the
real space consisting of all possible values of 〈 ˆJAi 〉, 〈 ˆJBi 〉,
〈 ˆJAi ˆJBj 〉, 〈( ˆJAi )2〉, and 〈( ˆJBi )2〉 satisfying the constraints
||〈 JA〉|| 6 na
2
, (18)
〈(
ˆJAx
)2〉+ 〈( ˆJAy )2〉+ 〈( ˆJAz )2〉 6 na2
(na
2
+ 1
)
, (19)
(
 ˆJAi
)2 = 〈( ˆJAi )2〉− 〈 ˆJAi 〉2 > 0, (20)
(
 ˆJAi
)2 + ( ˆJAj )2 − ∣∣〈 ˆJAk 〉∣∣ > 0, (21)
and similarly for B and i,j,k ∈ {x,y,z}. Note that we do
not consider higher-order moments like 〈( ˆJAi )2 ˆJBj 〉 because
they often require more experimental runs to be evaluated.
According to angular momentum theory, the second and the
third constraints are valid for all quantum states, the fourth
one comes from the Heisenberg inequality. Since the space
of first- and second-order moments of LCSOs is convex, we
look again for witnesses that are linear in the parameters given
above. Let us consider the quantity
W2(α)na,nb =
∑
i,j=x,y,z
(
αi,j
〈
ˆJAi
ˆJBj
〉+ α¯i 〈 ˆJAi 〉+ αi 〈 ˆJBi 〉
+ α¯(2)i
〈(
ˆJAi
)2〉+ α(2)i 〈( ˆJBi )2〉).
Here α is a vector with 21 elements (αi,j ,α¯i ,αi,α¯(2)i ,α(2)i ).
When the expectation values are taken on the set on separable
states, the previous quantity can be upper bounded by
w2(α)na,nb = maxJA, JB
∑
i,j=x,y,z
(
αi,j
〈
ˆJAi
〉〈
ˆJBj
〉+ α¯i 〈 ˆJAi 〉
+αi
〈
ˆJBi
〉+ α¯(2)i 〈( ˆJAi )2〉+ α(2)i 〈( ˆJBi )2〉), (22)
where the maximum is computed from the set of vectors
JA, JB satisfying Eqs. (18)–(21). This yields the following
family of entanglement witnesses suited for spins distributed
binomially between the locations A and B:
w2(α) − W2(α) > 0, (23)
where
w2(α) =
∑
na
1
2N
(
N
na
)
w2(α)na,N−na (24)
and W2(α) = 〈 ˆW2(α)〉 with
ˆW2(α) =
∑
i,j=x,y,z
(
αi,j ˆJ
A
i
ˆJBj + α¯i ˆJAi + αi ˆJBi (25)
+ α¯(2)i
(
ˆJAi
)2 + α(2)i ( ˆJBi )2). (26)
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Now consider states of the form in Eq. (15). As before, we
optimize W2(α)|φ〉 = tr( ˆW2(α)|φ〉〈φ|) over all possible local
rotations for a given choice α. This defines W2(α)opt|φ〉. We then
extract the minimum value of p for each witness from the
equation
pW2(α)opt|φ〉 + (1 − p)
∑
i=x,y,z
α
(2)
i + α¯(2)i
12
N (N + 5) = w2(α),
(27)
where the second term in the left-hand side comes from
the mean values of second-order moments of LCSOs on
local white noise. The optimal witness is then obtained by
looking for the direction α leading to the minimum value
of p. Note that this optimization is not particularly easy
as it is a nonlinear optimization and the space of possible
values of first- and second-order moments of LCSOs has a
dimension 21. To make it simpler, we restrict our interest to
symmetric witnesses only; note that the state on which we
are optimizing is also symmetric under exchange of parties.
Over 6000 numerical optimizations with N = 26 atoms and a
squeezing corresponding to χt = 0.0058 before splitting, we
found the following optimal witness twice:
D = 〈( ˆJAy − ˆJBy )2〉+ 〈( ˆJAz + ˆJBz )2〉− 〈 ˆJAx + ˆJBx 〉 > 0.
(28)
This witness is satisfied for all separable states. We have
not been able to find a better witness for any value of
χt corresponding to squeezing parameters between −1 and
−10 dB for 500 atoms and for any atom number between 25
and 100 atoms.
The witness (28) is again given in a basis where |φ〉 is
rotated by the squeezing angle around the x axis before the
beamsplitter so that z corresponds to the squeezing direction.
Note that this criterion can be seen as a linear form of the
well-known Duan [24] and Simon [25] criteria that have
been successfully used for witnessing continuous-variable
entanglement more than 15 years ago [35]; see also the
generalization in Ref. [26]. By linear, we mean that D involves
the mean values 〈 ˆJAi 〉, 〈 ˆJBi 〉, 〈 ˆJAi ˆJBj 〉, 〈( ˆJAi )2〉, and 〈( ˆJBi )2〉
only while the criteria [24–26] also use the square of these
mean values. We will gain insight in Sec. IV B about symmetric
states violating the inequality (28) after splitting.
IV. COMPARISONS OF ENTANGLEMENT WITNESSES
USING FIRST- AND SECOND-ORDER MOMENTS
OF LOCAL COLLECTIVE SPIN OBSERVABLES
The aim of this section is to compare the two optimal
witnesses (17) and (28) that we found in the two previous
sections. We first evaluate the amount of local white noise that
can be tolerated to maintain a violation of these inequalities.
We then repeat this evaluation for preparation noise and
measurement noise.
A. Local white noise
As a first comparison, we focus on the resistance of the
optimal witnesses using first- and second-order moments of
2 500 1000
0.99
1
N
p
FIG. 4. Maximum tolerable local white noise for the optimal
witnesses given in Eqs. (17) (orange dashed line) and (28) (blue
solid line) as a function of the total number of spins. The state
that is considered here is a mixture between a spin-squeezed state
[with a squeezing parameter χt given by 10 log10(ξ 2) = −10 dB for
500 atoms] with probability p and local white noise with probability
1 − p, see Eq. (15). We conclude that the witness (28) is more
resistant to local white noise whenN > 30 for any squeezing between
−1 and −10 dB for 500 atoms and any atom number between 2
and 500.
LCSOs to local white noise. We compute the maximal amount
of noise that can be tolerated by fixing χt = 0.0058 and
varying the atom number. The result is shown in Fig. 4 where
the resistance of the witness (17) is drawn in orange (dashed
line) and the resistance of the witness (28) is shown in blue
(solid line). Let us recall that smaller p translates into a better
resistance to noise. Note also that adding 0.1% (0.5%) of
local white noise to a spin-squeezed state with 500 atoms
and −10 dB squeezing effectively reduces the squeezing to
−5.6 dB (−0.15 dB). We can fairly say that the witness using
second-order moments of LCSOs has a better resistance to
local white noise.
While local white noise often corresponds to a worst case
scenario, more specific noises are often relevant when one
wants to model experiments in detail. In the next section,
we compare the two witnesses (17) and (28) with respect to
noises that are relevant in experiments using Bose-Einstein
condensates.
B. Preparation noise
To compare the resistance to noise at the preparation level,
i.e., before the splitting, we apply the unitary shown in Eq. (7)
back into the observables involved in (17) and (28) to get
an expression of these witnesses before the splitting. For the
witness (17), we get
S 6 N (N − 1)
16
⇐⇒
〈(
ˆJAx
)2〉+ 〈( ˆJAy )2〉− 〈( ˆJAz )2〉
4
− N
16
6 N (N − 1)
16
.
(29)
Here, the expectation values are to be understood on the state
before the beamsplitter. When considering the subspace that
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is symmetric under particle interchange, this reduces to
S 6 N (N − 1)
16
⇐⇒ 〈( ˆJAz )2〉 > N4 . (30)
This shows that any symmetric state having a second moment
of a collective spin (in any direction) that is smaller than
the one of a coherent spin state with the same mean number
of spins leads to entanglement after splitting. Moreover, this
entanglement is always detected by the witness (17).
For the witness (28), we have
D > 0 ⇐⇒ 〈( ˆJAz )2〉 > 〈 ˆJAx 〉− N4 . (31)
As the maximum value of 〈 ˆJAx 〉 for N spins is N2 [Eq. (8)], any
state violating Eq. (31) also violates Eq. (29). Therefore the
first-order witness (17) is more robust than the criterion (28)
for any kind of noise before the splitting that keeps the state in
the symmetric subspace.
C. Measurement noise: Coarse-graining
As said in the Introduction, the local collective observable
ˆJAz is measured by counting the number of atoms in each
state 1 and 2, i.e., ˆJAz = aˆ
†
1 aˆ1−aˆ†2 aˆ2
2 =
nˆA1 −nˆA2
2 where nˆ
A
i is the
atom number at location A in state i. Projections along other
spin directions are obtained by appropriate Rabi rotations
before the measurement. We here consider the case where
the collective spin measurements are coarse-grained due
to imperfect atom number measurements. In particular, we
assume that the measurement noise leads to an unbiased
Gaussian distribution of atom number, i.e., nˆAi is replaced
by (nˆAi + ) with probability density gσc (), where σ 2c is
the variance of the Gaussian noise distribution and similarly
for nˆBi .
Under the assumption that the measurement noise at
location A is uncorrelated with the noise in B, the witnesses
involving first-order moments of LCSOs are insensitive to this
noise. Therefore witness (17) is insensitive to a coarse-graining
of the measurement outcome.
On the contrary, assuming also that the noises on nˆA1 and
nˆA2 are uncorrelated (similarly in B), the witness involving
second-order moments of LCSOs yields〈(
ˆJAy − ˆJBy
)2〉+ 〈( ˆJAz + ˆJBz )2〉− 〈( ˆJAx + ˆJBx )〉 > −2σ 2c
(32)
for all separable states. This means, for example, that for an
uncertainty corresponding to five atoms (σc = 5), a minimum
squeezing of ∼−2 dB is required to reveal entanglement in a
set of 500 atoms with the witness (28).
D. Measurement noise: Phase noise
Due to the difference in energy between the states 1 and 2,
the collective spin state |ψ〉 rotates around the z axis. The spin
projections discussed so far are thus implemented in a rotating
frame, i.e., the frame of the state is taken as a reference frame.
Phase noise refers to a mismatch between the frame of the
state and the frame of the measurements which can be due to
magnetic field fluctuations. In the present case, we consider
uncorrelated phase noise between the wells. To take this phase
0 1 2 3 40
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deg
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FIG. 5. The orange dashed line (blue line) gives S − N(N+1)16 (D),
i.e., the violation of the witness (17) [(28)], as a function of the phase
noise (in degrees).
noise into account, the spin projections are not calculated on
|φ〉 but on
ρσ =
∫
dθA dθBgσp (θA)gσp (θB)RARB |φ〉〈φ|R−1A R−1B (33)
with RA = eiθA ˆJAz , RB = eiθB ˆJBz , and gσp (θA) and gσp (θB) are
unbiased Gaussian distributions with a standard deviation σp.
Figure 5 shows the violations, i.e., the values of S − N(N+1)16
and D for −10 dB squeezing and N = 500 spins as a function
of the standard deviation σp. We see that the witnesses (17)
and (28) have essentially the same resistance to phase noise.
In particular for phase noise of ±3.4◦, the violation disappears
and neither of the witnesses can detect entanglement. We
have been able to explore several parameter regimes; and for
any χt between 0.00046258 and 0.0058 which correspond to
squeezing between −1 and −10 dB for 500 atoms and any
spin number between 2 and 1000, we found that the violation
of both witnesses disappears for the same uncertainties on the
phase. We conclude that their resistance to phase noise is thus
comparable.
V. REQUIRED STATISTICS
In this section, we give an estimation of the number of
experimental runs that would be necessary to estimate the
quantities in Eqs. (17) and (28). Let us first consider the
witness (17). We assume that the spin projections ˆJAi ˆJBi are
independent quantities that are measured Nm times [36]. Let
¯Xk , ¯Yk , and ¯Zk be the values that ˆJAi ˆJBi take at the run k for
i = x,y, and z, respectively. The estimator of S after Nm runs
is given by
¯S = 1
Nm
Nm∑
k=1
¯Xk + 1
Nm
Nm∑
i=1
¯Yk − 1
Nm
Nm∑
k=1
¯Zk, (34)
and the fluctuations of this mean value are parametrized by
σ
¯S =
1√
Nm
√
σ 2X + σ 2Y + σ 2Z, (35)
where σX is the standard deviation of variables ¯Xk and
similarly for σY and σZ . Here we assumed that the runs are
independent and identically distributed. Let us consider an
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FIG. 6. Number of evaluations of the witnesses which are
required in order to be 3σ less than the violation as functions of
the initial squeezing in dB. The blue line represents the criterion D
and the orange dashed line the criterion S.
experiment performed on the state ρ¯. The mean value of ¯S
after Nm runs is given ¯Sq = tr(ρ¯( ˆJAx ˆJBx + ˆJAy ˆJBy − ˆJAz ˆJBz ))
while σ 2X is given by σ 2X,q = tr(ρ¯( ˆJAx ˆJBx )2) − [tr(ρ¯ ˆJAx ˆJBx )]2
and similarly for σ 2Y and σ 2Z . The number of runs that is needed
to estimate the value of the witness with a precision 3 times
smaller than the distance to the separable bound can thus be
estimated by solving∣∣∣∣ ¯Sq − N (N + 1)16
∣∣∣∣ = 3√Nm
√
σ 2X,q + σ 2Y,q + σ 2Z,q . (36)
We follow the same line of thought for the criterion D by
considering the estimator
˜D = 1
Nm
Nm∑
k=1
¯
¯Xk + 1
Nm
Nm∑
i=1
¯
¯Yk + 1
Nm
Nm∑
k=1
¯
¯Zk, (37)
where ¯¯Xk , ¯¯Yk , and ¯¯Zk are the values of − ˆJAx − ˆJBx , ( ˆJAy −
ˆJBy )2, and ( ˆJAz + ˆJBz )2 at the run k.
For concreteness, we consider a spin-squeezed state made
with N = 500 spins with an uncertainty on the phase of ±1◦
and a measurement coarse-graining of ±5 atoms. As a function
of the initial squeezing parameter, we compute the number of
runs needed to observe a value of the witnesses (17) and (28)
exceeding the separable bound by 3 standard deviations. The
result is shown in Fig. 6. We see that one needs fewer runs to
estimate the criterion S with an accuracy of 3σ if the initial
squeezing ξ 2 > −6 dB mostly because of the insensibility with
respect to detection noise.
VI. CONCLUSION
The aim of this work was to clarify the requirements to
reveal entanglement between the two parts of a spatially split
spin-squeezed Bose-Einstein condensate. We focused on two
families of witnesses. The first one uses first-order moments of
local collective spin operators, i.e., 〈 ˆJAi 〉, 〈 ˆJBi 〉, and 〈 ˆJAi ˆJBj 〉,
where i,j labels the components in the directions x, y, and z.
The second family of witnesses involves not only first-order
moments of local collective operators, but also the second-
order moments 〈( ˆJAi )2〉 and 〈( ˆJBi )2〉. In both cases, we found
the witness that is the most resistant to local white noise. In
the first case, we found a witness closely connected to the
scalar product given in Ref. [27]. In the second case, the best
linear witness regarding local white noise turns out to be a
linear form of the Duan [24,25] criteria for spins. We then
compared these two optimal witnesses with respect to their
robustness to various noises and we finally gave an estimate
of the statistics needed for their experimental measurement.
This work lays the theoretical ground that is needed for an
ambitious experiment aiming to detect entanglement in a split
Bose-Einstein condensate. The next step will be to show how
to violate a Bell inequality in this scenario—a milestone to
extend the field of device-independent quantum information
processing to many-body physics.
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CHAPTER 2
BIPARTITE BELL NON LOCALITY IN MANY-BODY
SYSTEMS
In the previous chapter, we have investigated witnesses in split spin systems and
show that they can be used to demonstrate entanglement in such systems. Actu-
ally, witnesses of various kinds have been very useful in revealing different fami-
lies of quantum correlations in many-body systems including entanglement, EPR
steering and Bell correlations [22, 23, 24]. These witnesses rely however, on as-
sumptions on the proper calibration of measurement devices and/or on the dimen-
sion of the underlying Hilbert space. The next natural step would be to violate
a Bell inequality in a many-body system, hence demonstrating Bell non-locality
between two mesoscopic objects. In the quantum framework, the violation of a
Bell inequality would also serve as a witness for detecting entanglement in a device
independent way.
We consider a scenario where a state of many spins is separated between two
parties, each party performing collective spin measurements, that is, projections
of all spins in the same direction. We first consider single particle resolution and
show that, in this case, it is possible to violate the CHSH inequality for different
class of states including the GHZ state, the spin squeezed state and the W state.
In particular, we show that for the W state, one only needs to distinguish one
eigenvalue from the rest. This might be interesting in practice as this sort of mea-
surements has been already performed on a W state of 40 atoms [21].
21
Bipartite Bell non locality in many-body systems
To go further in our study of non-locality in bipartite many-body systems, we
limit ourself to low order moments of collective spin observable in order to match
the experimental requirement. Considering only first order moments of collective
spin observables, we numerically prove that no Bell inequality can be violated for
less than 6 settings for any quantum state. This suggests that in order to violate
a Bell inequality with large a large spin number, single particle resolution might
be necessary.
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We consider a bipartite scenario where two parties hold ensembles of 1/2-spins which can only
be measured collectively. We give numerical arguments supporting the conjecture that in this
scenario no Bell inequality can be violated for arbitrary numbers of spins if only first order moment
observables are available. We then give a recipe to achieve a significant Bell violation with a split
many-body system when this restriction is lifted. This highlights the strong requirements needed
to detect bipartite quantum correlations in many-body systems device-independently.
I. INTRODUCTION
In a Bell test, distinct parties initially share a re-
source such as a quantum state. They are then given
measurement settings that they use to obtain measure-
ment outcomes. The joint statistics of their outcomes,
conditioned on the settings, can then be used to reveal a
number of properties. For instance, it can be shown that
certain statistics are not compatible with pre-established
agreements, as highlighted by the violation of a Bell
inequality [1]. Recently, a theoretical demonstration
showed that some many-body quantum states are able
to violate multipartite Bell inequalities [2–4]. So far, no
violation of these inequalities could be observed exper-
imentally due to the challenge of addressing individual
spins in a large ensemble. Nevertheless, witnesses were
constructed and used to demonstrate the presence of
Bell correlations in such states, i.e. their capacity to
violate a Bell inequality [5–7]. While such states are
quite different from the quantum states often considered
in the studies of Bell nonlocality, they are of particular
relevance to many-body physics. It is then a natural
question to ask whether a true Bell violation could be
observed with such states.
Here, we make a step in this direction by considering
the simple scenario in which hundreds of 1/2-spins are
split among just two protagonists, Alice and Bob. We
then ask whether a Bell violation could be observed
when the parties are restricted to perform collective
measurements on their 1/2-spin ensembles. Such a
violation would provide a strong demonstration that
mesoscopic systems can behave differently from the
predictions of classical physics. Indeed, this conclusion
would hold without the need to assume a quantum
description of the setup. In particular, this conclusion
would be independent of the Hilbert space dimension
and of the proper calibration of the measurement
device. For this reason, Bell tests performed on systems
involving many spins are particularly appealing to show
the limit of classical physics for describing mesoscopic
systems.
Bell tests involving collective measurements on many-
body states could in principle be realized with a Bose-
Einstein condensate. The basic idea is to use controlled
interactions between the constituent bodies to create
non-classical correlations between the internal states of
these constituents [8, 9], the later being essentially 1/2-
spins. These spins could then be distributed [10, 11] be-
tween Alice and Bob – nA spins for Alice and nB for
Bob – before being measured, see Fig. 1. The experi-
ment would then be repeated many times so that Alice
and Bob can assess the expectation values of measure-
ment results and demonstrate the Bell violation. In such
a system, however, each protagonist can only measure
his ensemble of particles collectively, that is, Alice can
perform measurements of the form
Jˆ lα =
1
2
nl∑
k=1
~α.~σ
(k)
l , with l = A. (1)
~σ
(k)
l is a vector having the 3 Pauli matrices as compo-
nents and ~α is a unit length vector with components αx,
x = {1, 2, 3} fixing the measurement setting. The form
of Bob’s measurements, with l = B, is the same but the
direction is labeled by ~β. The eigenvalues of Jˆ lα/β are
−nl2 , ..., nl2 and correspond to the possible measurement
outcomes. The remaining question is what is the Bell
inequality to be tested in such a scenario? We first focus
on the simplest case where only first order moments of
local collective spin observables, that is, 〈JˆAα 〉, 〈JˆBβ 〉 and
〈JˆAα JˆBβ 〉 can be evaluated. We then extend our analysis
beyond this restriction.
While entanglement witnesses have been intensively
studied in this scenario with first order moments [12–14],
few results are known with respect to Bell nonlocality.
One noticeable exception is Ref. [15] where authors
showed that bipartite correlations issued from first order
collective measurements can be reproduced by a local
model if the number of measurement settings is smaller
or equal to nA for Alice and nB for Bob. Beyond
first order moments, it is worth noting that the use of
collective measurements to violate a Bell inequality was
also considered recently for a specific class of state with
a strong tensor structure [16, 17]. The state that we are
interested in here are however very different: they do
not admit any tensor structure but rather are typically
symmetric under spin exchange.
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Figure 1: Schematic representation of the scenario we con-
sider, Alice and Bob have respectively nA and nB indistin-
guishable spin 1
2
and can measure them collectively with ob-
servables JˆAα and Jˆ
B
β .
In section II, we give numerical arguments suggesting
that such a bipartite Bell violation may not be possible
when considering only first order moments. We then
show in section III that a Bell inequality can be violated
if each party performs parity measurements. We con-
clude in section IV.
II. ATTEMPTS TO FIND A BI-PARTITE BELL
CORRELATION WITNESS INVOLVING ONLY
FIRST ORDER MOMENTS OF LOCAL
COLLECTIVE SPIN COMPONENTS
A. Bell inequalities and Bell-correlation witnesses
Let us focus on a Bell scenario in which Alice and Bob
each have a measurement box with m inputs Ai and Bj
i, j ∈ [1, . . . ,m] and N spins locally, i.e. N + 1 possible
outcomes −N2 ,−N2 + 1 . . . , N2 . We consider Bell inequal-
ities of the form
Bwˆ,~va,~vbN,m =
m∑
i,j
wij〈AiBj〉+
m∑
i
vai〈Ai〉+
m∑
j
vbj 〈Bj〉
≤ `wˆ,~va,~vbN,m . (2)
〈Ai〉 for example is the expectation value of outcomes for
Alice’s measurement corresponding to the input Ai. wij ,
vai and vbj are weights, all taken in the interval {-1,1}
without lost of generality. `wˆ,~va,~vbN,m is the local bound,
that is, the maximum value that the left hand side can
take when considering bi-partite correlations steming
from local models. This bound depends on the number
of inputs and outcomes and on the weights, possibly in
a non-trivial way, c.f. below.
Note that if we assign to each input an observableAi →
JˆAαi , one can associate to each instance of the inequality
(2) a Bell operator
Bwˆ,~va,~vbN,m =
m∑
i,j
wij Jˆ
A
αi Jˆ
B
αj +
m∑
i
vai Jˆ
A
αi +
m∑
j
vbj Jˆ
B
βj (3)
so that a violation of
〈Bwˆ,~va,~vbN,m 〉 − `wˆ,~va,~vbN,m ≤ 0 (4)
witesses bi-partite Bell correlations. Interestingly, the
expression 〈Bwˆ,~va,~vbN,m 〉 might be simpler to evaluate ex-
perimentally than Bwˆ,~va,~vbN,m . As an example, consider the
simplest case N = 1, m = 2, wij = (−1)i+j−1 and
vai = vbj = 0 ∀i, j leading to the well known Clauser,
Horne, Shimony, and Holt (CHSH) inequality [18] for
which the local bound is 2, that is,
〈A1B1〉+ 〈A2B1〉+ 〈A1B2〉 − 〈A2B2〉 ≤ 2. (5)
Assigning A1 to σx, A2 to σz, and B1/2 to (σx ± σz)
√
2
which correspond to the setting choice maximizing the
CHSH value for the singlet, we get the Bell-correlation
witness
〈σxσx〉+ 〈σzσz〉 ≤
√
2. (6)
The latter can be evaluated with two collective measure-
ments while the former requires the assessment of four
correlators.
Recently, such a reduction in the number of measure-
ments, applicable when assuming that the measurements
are known and trusted, was used to transform a Bell
inequality involving an unbounded number of settings
into a witness with only two global measurements [3].
It was also used to show that the Svetlichny inequality
[19], which is a Bell inequality for N parties requiring the
measurement of 2N correlators, reduces to a negativity
condition on the mean value of an observable that can
be evaluated with 2 measurement settings only [7].
There are thus at least two reasons for looking for
Bell inequalities of the form (2) despite the result from
[15] stating that no such inequality can be violated in
our setting when the number of settings is less than
the number of local spins, i.e. m ≤ N . First, for
every fixed value of N , there can exist a finite value
of m > N potentially allowing for a Bell violation.
Second, in a scenario in which one would be happy to
trust the quantum description of the measurements, a
Bell inequality with m > N , although involving a large
number of settings could lead to a witness for bipartite
Bell correlations that would require a maximum of three
measurements per party. Such a witness would allow for
the detection of a strong form of quantum correlations
in many-body systems. Compared to previously known
Bell correlation witnesses which only demonstrate the
presence of some form of Bell correlations among a large
3number of spins, this witness would demonstrate Bell
correlations between two well-identified spin ensembles:
between Alice’s set of spins and Bob’s. We show in
the next two subsections how to compute the local and
quantum bounds respectively.
B. Local bound
In order to determine the local bound `wˆ,~va,~vbN,m of the
inequality (2), one has to consider all possible local
deterministic strategies, that is, strategies assigning
locally an outcome taken from {−N2 ,−N2 + 1, ..., N2 }
for each of the m settings. The local bound is simply
the largest value that can be obtained from these
deterministic strategies. On paper, it is sufficient to
list all possible deterministic strategies to find the local
bound. However, there are (N + 1)2m deterministic
strategies, which makes the computation of the local
bound complicated even for small N and m.
The number of relevant deterministic strategies is
strongly reduced given the linearity of the inequality (2)
with respect to the outcomes of Alice and Bob. To see
this, let us consider an arbitrary deterministic strategy
fixing the outcomes of Bob. The value of Bwˆ,~va,~vbN,m is ob-
tained from a quantity of the form
m∑
i
αi〈Ai〉+ C (7)
where αi = vai +
∑
j wij〈Bj〉 and C =
∑m
j vbj 〈Bj〉. The
maximum value of (7) is achieved for Ai = sign(αi)
N
2
and the same holds for Bob. This means that the
optimal deterministic strategy is such that Ai, Bj = ±N2∀i, j. In other words, the vertices of the local polytope
are strategies assigning ±N2 to all Ai, Bj . The number
of these strategies is 22m, which is independent of the
number of spins N .
In order to make the local bound independent of the
number of spins we rescale the possible outcomes of Ai
and Bj by N , defining ai = Ai/N , bj = Bj/N . This
means that we now consider Bell inequalities of the form
B
′wˆ′,~v′a,~v′b
N,m =
m∑
i,j
w′ij〈aibj〉+
m∑
i
v′ai〈ai〉+
m∑
j
v′bj 〈bj〉
≤ `′wˆ′,~v′a,~v′bm , (8)
where this time the N + 1 possible outcomes of Alice
and Bob take value in − 12 ,− 12 + 1N , . . . , 12 . For some
parameters wˆ′, ~v′a, ~v
′
b, the local bound `
′wˆ′,~v′a,~v′b
m of this
Bell expression is achieved by considering the 22m
local strategies for which ai, bj = ± 12 . This bound
remains valid for all N . The local bound of the
un-normalized Bell inequality (2) is then given by
`wˆ,~va,~vbN,m = `
′N2wˆ,N~va,N~vb
m .
The Bell operator corresponding to this inequality can
be built in terms of the re-normalized spin operators
jˆlα =
1
N
Jˆ lα = ~α · ~sl, (9)
with eigenvalues between − 12 and 12 , where
~sl =
1
2N
N∑
k=1
~σ
(k)
l (10)
are the normalized spin projections:
B
′wˆ′,~v′a,~v′b
N,m =
m∑
i,j
w′ij jˆ
A
αi jˆ
B
αj +
m∑
i
v′ai jˆ
A
αi +
m∑
j
v′bj jˆ
B
βj . (11)
This operator is such that a violation of the inequality
〈B′wˆ′,~v′a,~v′bN,m 〉 − `′wˆ
′,~v′a,~v
′
b
m ≤ 0 (12)
witnesses Bell correlations.
We thus focus now on Bell inequalities of the form
(8). This form has the advantage that the local bound is
independent of N . Once the local bound of such a Bell in-
equality is found, we want to show that it is a non-trivial
Bell inequality by checking that it can be violated, that
is, it admits a quantum value larger than its local bound.
C. Collective qubit bound
The maximal value of the inequality achievable by a
quantum states of N plus N 12 -spins with local collective
measurements maxρN Tr
(
ρNB
′wˆ′,~v′a,~v′b
N,m
)
can be obtained
by finding the maximum eigenvalue of the operator
B
′wˆ′,~v′a,~v′b
N,m for all possible setting choice αi, βj . As we
show below, the quantum bound 〈B′wˆ′,~v′a,~v′bN,m 〉 decreases
with N . Given this and the fact that the local bound is
independent of N , we focus on the case N = 2. Finding
no Bell violation for N = 2 and an arbitrary number of
settings is sufficient to show that there is no non-trivial
Bell inequality for any N. We start by showing that
indeed, the quantum bound 〈Bwˆ,~va,~vbm 〉 decreases with N.
The Bell operator B′wˆ
′,~v′a,~v
′
b
N,m can be written in terms
of the normalized spin projections as
B′wˆ
′,~v′a,~v
′
b
N,m = ~sA · Wˆ · ~sB + ~sA · ~VA + ~sB · ~VB (13)
where Wˆ is a 3×3 matrix having elements W xy given by
W xy =
m∑
i,j=1
w′ijα
x
i β
y
j , (14)
4~VA is a vector with 3 components defined by
V xA =
∑
i v
′
aiα
x
i and similarly for
~VB .
We now use ~k = (k1, k2, . . . , kM ) with 1 ≤ ki < ki+1 ≤
N to denote a subset of M < N spins and introduce the
normalized spin observables over these spins
~u
~k
l =
1
2M
M∑
i=1
~σ
(ki)
l . (15)
This allows us to write our Bell operator for two sets ~k
and ~k′ of M spins as
O
~k,~k′ = ~u
~k · Wˆ · ~u~k′ + ~u~k · ~VA + ~u~k′ · ~VB . (16)
Noticing that the spin projections for M spins satisfy
∑
~k
~u
~k
l =
1
2M
∑
~k
M∑
i=1
~σ
(ki)
l
=
1
2M
(
N − 1
M − 1
) N∑
k=1
~σ
(k)
l
=
(
N
M
)
~sl
(17)
where the sum on ~k runs over all choices of M spins
within the N spins, we obtain
∑
~k,~k′
O
~k,~k′ =
(
N
M
)2
B
′wˆ′,~v′a,~v′b
N,m . (18)
Therefore, the maximum quantum value of the Bell op-
erator for M < N spins per side bounds the value of the
Bell operator with N spins:
max
ρN
Tr
(
ρNB
′wˆ′,~v′a,~v′b
N,m
)
=
(
N
M
)−2
max
ρN
Tr
ρN∑
~k,~k′
O
~k,~k′

=
(
N
M
)−2
max
ρN
∑
~k,~k′
Tr
(
ρNO
~k,~k′
)
≤
(
N
M
)−2∑
~k,~k′
max
ρN
Tr
(
ρNO
~k,~k′
)
= max
ρN
Tr
(
ρNO
~k,~k′
)
= max
ρM
Tr
(
ρMB
′wˆ′,~v′a,~v′b
M,m
)
,
(19)
where to go from the second to the third line, we let
the optimization over the state be independent for each
term in the sum. This shows that the maximal value
of 〈B′wˆ′,~v′a,~v′bm 〉 achievable with collective 1/2-spin mea-
surements can only decrease with the number of spins N .
D. Numerical results
Let us start this subsection by a summary of the
two previous subsections: (i) The local bound of an
inequality of the form (8) is independent of the number
of possible outcomes (ii) Assuming collective measure-
mens on 12 -spins, the quantum bound decreases while
increasing the number of spins (or outcomes). Together,
these two statements imply that if a Bell inequality
of the form (8) cannot be violated by performing
collective measurements on an arbitrary state containing
N particles on each side, then it is also impossible to
violate it by performing collective measurements on a
state with more than N particles on each side. Since
the CHSH inequality is a non-trivial Bell inequality with
N = 1 spin locally, we focus on the case with N = 2
spins locally. We know from Ref. [15] that in this
case, one needs at least 3 measurements settings locally
to circumvent known local models and thus possibly
violate a Bell inequality of the form (8) with collective
measurements.
In the case of 3 measurement settings with 2 out-
comes, there is only one relevant Bell inequality [20].
Interpreting this inequality in terms of the normalized
correlators of Eq. (8), we easily compute the maximum
quantum value that a state of 4 particles (2 at each lo-
cation) can achieve for this inequality by optimizing the
maximal eigenvalue of the corresponding Bell operator
as a function of the measurement settings. We find that
this inequality is not violated (up to the accuracy of
the computation) with collective spin measurement of 2
particles at each side. This implies that this inequality
is likely not to admit a violation with collective spin
measurement irrespectively of the number of spins per
side.
We now consider the case of 4 measurement settings
and 2 outcomes. In this case, the full polytope has
also been recently solved [21]. Ref. [22] indeed shows
that this polytope contains 175 different orbits up to
relabellings of parties, inputs and outputs. A list of ex-
actly 175 inequalities which are inequivalent under these
relabelings can be found in [23–25]. They thus provide
a full description of the polytope. For completeness,
we provide a list containing all of these inequalities in
a unified format in the appendix. Focusing on these
inequalities we computed the quantum bound as before
with N = 2 spins locally but with 4 measurements
locally. We did not find any violation, which suggests
that no inequality of the form (8) with m = 4 can
be violated by collective spin observables. Note that
inequalities of the form (8) could however potentially
involve more than two outcomes in a nontrivial way.
For the case of 5 settings, the local polytope is not
known even for the simplest case of binary outcomes. We
thus proceed differently. This time, we sample different
5inequalities of the form (8), that is, we choose ω′ij , v
′
ai
and v′bj at random and computed both the local bound
and the quantum bound. Note that this time we are not
restricting ourselves to binary outcomes. We test 400
000 Bell inequalities with 4ω′ij , 2v
′
ai and 2v
′
bj
distributed
uniformly in [−1, 1]. We do not find any violation.
Repeating the same procedure for 6 settings locally,
we again don’t find any non-trivial Bell inequality. 6
settings is the maximum we succeeded to do because it
becomes increasingly expensive to find the maximum
quantum value. Also the parameter space increases with
the number of settings, so one would require more and
more random trials to span the space of inequalities when
the number of settings increases. Still, altogether this
suggests that none of the inequalities of the form (8) can
be violated by collective spin measurements when N ≥ 2.
We have presented numerical arguments suggesting
that it is not possible to violate an inequality of the
form (8) with collective spin measurements with 3, 4,
5 and 6 measurements settings whenever the number
of spins locally is larger than two. In the next section,
we show that the violation of a bipartite Bell inequality
is possible when parity measurements are performed
locally, for all spin number N .
III. PROPOSAL FOR THE VIOLATION OF A
BI-PARTITE BELL INEQUALITY WITH PARITY
MEASUREMENTS
A. The scenario
The scenario is similar to the one before. An ensem-
ble of 1/2-spins is created in a quantum state before
being shared between Alice and Bob. Each of them
performs collective measurements of their spins Jˆ lα but
in opposition to the scenario of the previous section,
there is no limit on the order of moments of collective
spin components that can be measured. We assume in
particular that Alice and Bob can assess precisely the
parity of the measurement outcome at each run.
Concretely, we consider an ensemble of N 1/2-spins en-
coded in the internal degree of atoms, that is, two atomic
states 1 and 2. These spins are located in Alice’s location.
We thus call aˆi and aˆ
†
i with i ∈ {1, 2} the bosonic oper-
ators associated to each spin states so that the collective
spin projections can be written as
JˆAx =
1
2
(aˆ†1aˆ2 + aˆ1aˆ
†
2), (20)
JˆAy =
1
2i
(aˆ†1aˆ2 − aˆ1aˆ†2), (21)
JˆAz =
1
2
(aˆ†1aˆ1 − aˆ†2aˆ2). (22)
We further consider that initially the spins point in the x
N=6
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2 2.2 2.4 2.6 2.8
0
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Figure 2: Violation of inequality (5) for a spin squeezed state
|φ〉 with 6 and 10 atoms as a function of the squeezing pa-
rameter χt
direction and then undergoes one-axis twisting [26, 27].
This results in a spin-squeezed state
|ψ〉 = 1√
N
e−iχt(Jˆ
A
z )
2
e−i
pi
2 Jˆ
A
y aˆ†N1 |0〉 (23)
where |0〉 is the vacuum state for all modes. The parti-
cles are then shared between Alice and Bob with a beam
splitter type Hamiltonian, that is
|φ〉 = epi4 (aˆ†1bˆ1+aˆ†2bˆ2−h.c.) |ψ〉 . (24)
Here bˆi and bˆ
†
i are bosonic operators for the spins located
at Bob’s location. In practice, each of these steps can
be realized with a Bose-Einstein condensate where spin
squeezing can be created using elastic collisions in state
dependent potentials [8, 9]. The spatial splitting can then
be done by slowly raising a barrier in a state-independent
potential as in Refs. [10, 11].
B. Probability distribution
Alice and Bob are sharing the state |φ〉 and want to
compute the value of the CHSH quantity using measure-
ments JˆAα and Jˆ
B
β where each setting is specified by two
angles {θl, φl} via ~α = (sin θα cosφα, sin θα sinφα, cos θα)
and similarly for ~β. Let |ma, na − ma〉 be the state of
Alice with a total spin number na and ma excita-
tions in the state 2. Since JˆAz is half the population
difference between the spin states 1 and 2, we have
JˆAz |ma, na − ma〉 = 12 (na − 2ma)|ma, na − ma〉.
Since any operators JˆAα is linked to Jˆ
A
z by a uni-
tary, we can express its eigenstates as a func-
tion of |ma, na − ma〉 through |mαa , na −mαa 〉 =∑na/2
k=−na/2D
na
k,ma
(θa, φa) |na−2k2 , na+2k2 〉 where
Dnak,ma(θa, φa) is similar to a Wigner matrix:
e−iφAk 〈na − 2k
2
,
na + 2k
2
| e−iθAJˆAy |ma, na −ma〉 . (25)
6The same basis {|ma, na −ma〉} can also be used to ex-
press the state that Alice and Bob share, that is |φ〉 can
be written as
1
2N
N∑
m=0
m∑
k=0
N−m∑
l=0
Cm,k,l |k, l〉A |m− k,N −m− l〉B
(26)
where Cm,k,l =
√(
m
N
)(
k
m
)(
l
N−m
)
e−iχt(m−
N
2 )
2
. When Al-
ice and Bob measure JˆAα and Jˆ
B
β respectively, the prob-
ability with which they find the eigenvalues kaα and k
b
β is
given by
P (kaα, k
b
β |JˆAα , JˆBβ ) =
N∑
na=0
∣∣∣∣〈na − 2kaα2 , na + 2kaα2 |
⊗ 〈N − na − 2k
b
β
2
,
N − na + 2kbβ
2
|φ〉
∣∣∣∣∣
2
(27)
This probability can be efficiently calculated using Eqs.
(25) and (26).
C. Results
We consider the violation of Ineq. (5) which uses
two settings and two outcomes per party. While many
strategies can be used to bin the measurement results,
we could only find a violation for the parity binning,
which corresponds to the measurement of (−1)JˆAθA,φA
for Alice and (−1)JˆBθB,φB for Bob. We present results
obtained in this case below.
First, we fix the total number of spins N and we
optimize the value of (5) over the measurement set-
tings for various values of χt. The result is shown
in Fig. 2 for N = 6 and N = 10. For low χt, the
violation increases until a value which depends on
the number of atoms and then goes down whereas in
the extreme squeezing regime the violation can go higher.
We further investigate the extreme squeezing case
where χt = pi/2. Remarkably the violation increases
with the atom number and seems to saturate very
close to the maximum value achievable by quantum
states 2
√
2, see Fig. 3. This implies that it is possible
to self test a singlet state and Pauli measurements
with collective observables. Although this result is
unexpected, it is extremely challenging if not completely
out of reach experimentally as the maximally squeezed
state corresponds to a GHZ state when χt = pi/2.
We thus focus on the regime where χt is small,
which is the most relevant regime in practice. We fix
χt = 0.006 corresponding to a Wineland squeezing
parameter 10 log ξ2 = 10 dB for N = 500 atoms where
ξ2 =
N(∆JˆA⊥)
2
〈JˆAx 〉2
[28, 29], JˆA⊥ corresponding a projection
2 80 10020 40 60
2
2 2
2.6
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Figure 3: Violation of the inequality (5) for a spin squeezed
state |φ〉 with χt = pi
2
as a function of the total number of
atoms N.
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Figure 4: Violation of CHSH for a small χt = 0.006 which
correspond to 10 dB of squeezing at 500 atoms. The violation
is plotted with respect to the total atom number.
along the squeezing direction (before splitting). The
resulting violation increases as a function of the atom
number, as shown in Fig. 4.
IV. CONCLUSION
We investigated the possibility of detecting bipartite
nonlocality in many-body systems. We devoted a special
attention to the experimental realization by considering
realistic measurements. In particular, we focused on col-
lective measurements only where spins are all measured
in the same direction locally. We showed numerical re-
sults suggesting that no-Bell inequality with first order
correlators can be violated whenever such measurements
act of N ≥ 2 spins. We then proved that the CHSH-Bell
inequality can be violated with collective measurements
as long as parity measurements can be performed. This
suggests that parity measurements is a key ingredient –
even maybe necessary – to reveal bipartite correlations
in many-body systems with Bell inequalities.
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Appendix A: Complete list of facets for the local
polytope in the Bell scenario [(2, 2, 2, 2), (2, 2, 2, 2)]
The local polytope for two parties and four binary
settings per party was recently solved in [22]. Namely,
this work showed that this polytope admits exactly 175
classes of facets under relabelling of parties, inputs and
outputs. Interestingly, exactly 175 distinct classes of
Bell inequalities for this scenario were discovered ear-
lier, over a number of years, and published in various
manuscripts [18, 20, 23–25]. Here we gather this infor-
mation in a single place.
A Bell inequality for m = 4 binary settings is defined
by 25 parameters. Following the main text we use the
correlation picture with outcomes ai, bj ∈ {−1, 1}. A
Bell inequality can then be written as
B = δ +
4∑
i=1
αi〈ai〉+
4∑
j=1
βj〈bj〉+
4∑
i,j=1
γij〈aibj〉 ≥ 0
or equivalently, in table format
B =

` β1 β2 β3 β4
α1 γ11 γ12 γ13 γ14
α2 γ21 γ22 γ23 γ24
α3 γ31 γ32 γ33 γ34
α4 γ41 γ42 γ43 γ44

≥ 0, (A1)
In the main text we used v′ai = −αi, v′bj = −βj , w′ij =
−γij and ` = δ.
The 175 classes of inequalities are given in table I. The
first few inequalities are in order: the positivity, CHSH,
I3322, the three I4322 inequalities, after which come the
169 facets which truly involve all settings of each party.
8Table I: List of I4422 inequalities
# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44
1 1 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 2 0 0 0 0 0 1 1 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0
3 4 1 1 0 0 1 1 1 1 0 1 1 1 -1 0 0 1 -1 0 0 0 0 0 0 0
4 5 1 1 1 0 1 1 1 1 0 0 1 0 -1 0 0 1 -1 0 0 0 0 1 -1 0
5 6 0 0 0 0 1 1 1 1 0 1 -1 -1 -1 0 0 1 1 -2 0 0 1 -1 0 0
6 6 2 0 0 0 1 1 1 1 0 1 1 1 -1 0 1 1 -1 1 0 1 1 -1 -1 0
7 6 0 0 0 0 0 1 1 1 1 0 1 1 1 -1 0 1 1 -2 0 0 1 -1 0 0
8 6 1 1 0 0 0 1 -1 1 1 0 1 -1 1 -1 0 1 0 -1 0 0 0 1 1 0
9 6 1 1 0 0 1 1 1 1 0 1 1 0 -1 1 0 1 -1 -1 -1 0 0 1 -1 0
10 6 2 0 0 0 1 1 1 1 0 1 1 1 -1 0 1 1 -1 0 1 1 1 -1 0 -1
11 7 1 1 1 0 1 1 1 0 1 1 1 0 1 -1 1 -1 1 1 0 0 0 1 -1 -2
12 7 1 1 1 0 1 1 1 0 1 0 1 -1 -1 1 0 1 0 -1 -2 0 0 1 -1 0
13 7 1 1 1 0 1 1 1 1 0 0 1 1 -1 1 0 1 1 -1 -1 0 2 -2 0 0
14 7 1 1 1 0 1 1 1 1 2 1 1 1 0 -1 1 1 0 1 -1 0 0 1 -1 0
15 7 2 1 1 1 2 1 1 1 1 1 1 1 0 -1 1 1 0 -1 1 1 1 -1 1 0
16 7 2 2 1 0 2 1 1 1 1 2 1 1 1 -1 1 1 1 -1 0 0 1 -1 0 0
17 8 1 1 0 0 1 1 0 1 1 1 0 1 -1 -1 0 1 -1 -3 1 0 1 -1 1 -1
18 8 1 1 0 0 1 1 1 1 2 1 1 0 1 -1 0 1 1 1 -1 0 2 -1 -1 0
19 8 1 1 0 0 1 2 1 1 1 1 0 1 -1 -1 0 2 -1 -1 0 0 1 0 1 -2
20 8 1 1 0 0 1 2 1 2 0 1 1 2 -2 0 0 1 -1 -1 1 0 1 -1 -1 -1
21 8 1 1 1 1 1 1 2 1 -1 1 2 -2 1 0 1 1 1 0 1 1 -1 0 1 1
22 8 1 1 1 1 1 2 1 -1 1 1 1 1 1 0 0 1 -1 1 -1 0 1 -2 0 1
23 8 1 1 1 1 1 2 1 1 -1 1 1 2 -1 1 0 1 -1 -1 1 0 1 -1 0 0
24 8 2 1 1 0 1 1 2 -1 1 1 1 1 0 -1 0 1 -1 -1 1 0 1 -1 -1 -1
25 8 2 1 1 0 2 1 1 1 1 1 1 -2 1 -1 1 1 1 0 -1 0 1 -1 -1 1
26 8 2 1 1 0 2 1 1 1 1 1 1 2 -1 -1 1 1 -1 0 -1 0 1 -1 -1 1
27 8 2 1 1 0 2 1 2 1 2 1 1 -1 1 0 1 1 1 0 -1 0 1 -1 -1 1
28 8 2 1 1 0 2 1 2 2 1 1 1 1 -1 0 1 1 -1 1 0 0 1 -1 -1 1
29 8 2 2 0 0 0 1 -1 1 1 0 1 -1 1 -1 0 1 -1 -1 1 0 1 -1 -1 -1
30 8 2 2 0 0 2 1 1 1 1 2 1 1 -1 -1 0 1 -1 1 -1 0 1 -1 -1 1
31 9 1 1 1 0 1 -3 2 1 1 1 2 1 1 1 1 1 1 0 -1 0 1 1 -1 1
32 9 1 1 1 0 1 -1 2 1 1 1 2 1 0 2 1 1 0 1 -1 0 1 2 -1 -2
33 9 1 1 1 0 1 1 1 1 0 0 2 -1 -2 1 0 1 -2 2 1 0 1 -1 0 -2
34 9 1 1 1 0 1 1 1 2 1 0 2 1 -2 1 0 1 -1 1 -1 0 1 -2 0 1
35 9 1 1 1 0 1 1 1 2 1 1 1 1 2 -1 1 2 2 -3 0 0 1 -1 0 0
36 9 1 1 1 0 1 2 1 1 1 1 -2 2 1 0 1 2 1 0 -2 0 1 1 -1 1
37 9 1 1 1 0 1 2 1 1 1 1 -1 1 2 1 1 1 1 0 -1 0 1 -2 2 -1
38 9 1 1 1 0 1 2 1 1 1 1 1 1 1 -2 1 -1 2 1 1 0 1 1 -2 0
39 9 1 1 1 0 1 2 2 -2 1 1 1 1 2 1 1 1 1 1 -2 0 1 -1 0 0
40 9 2 1 0 0 1 2 1 1 1 1 2 1 1 -1 1 2 1 -2 0 0 2 -2 0 0
41 9 2 1 0 0 1 2 1 1 1 1 1 1 1 -2 1 1 1 -1 0 0 2 -2 -1 -1
42 9 2 1 0 0 1 2 1 1 1 1 2 1 1 -1 1 1 1 -1 0 0 3 -2 -1 0
43 9 2 1 1 1 1 2 1 1 -1 1 2 1 -1 1 1 0 -1 1 1 0 2 -2 0 0
44 10 0 0 0 0 0 2 2 1 1 0 2 -1 -1 -2 0 1 -1 -2 2 0 1 -2 2 1
45 10 1 1 0 0 0 2 -1 2 1 0 1 -1 -2 2 0 1 -2 -1 -2 0 1 1 -1 -1
46 10 1 1 0 0 1 1 2 1 1 1 2 0 -2 -1 0 1 -2 1 2 0 1 -1 2 -2
47 10 2 0 0 0 1 2 1 1 1 1 2 1 0 -2 1 2 0 -2 1 1 2 -2 1 0
48 10 2 0 0 0 1 2 2 2 1 1 2 -1 -1 -1 1 1 1 -2 1 1 1 -2 1 1
49 10 2 1 1 0 2 1 2 2 1 1 2 -1 1 -1 1 2 1 -2 0 0 1 -1 0 2
50 10 2 1 1 0 2 2 2 1 1 1 1 -1 2 -1 1 2 0 -2 -1 0 1 -2 0 1
51 10 2 1 1 0 2 2 2 1 1 1 2 1 -1 -1 1 0 -1 1 -1 0 2 -3 0 1
52 10 2 2 0 0 2 2 2 1 1 2 1 1 -1 -1 0 2 -2 1 -1 0 1 1 -1 -1
53 10 2 2 1 1 2 1 1 1 1 0 2 -1 1 -2 0 2 -1 -2 1 0 1 -1 1 1
54 10 3 1 0 0 2 2 1 2 1 2 1 1 -1 -1 1 2 -1 1 -1 1 2 0 -2 1
55 10 3 1 1 1 3 2 2 2 1 1 2 -1 1 -1 1 2 1 -2 0 1 1 -1 0 1
56 11 1 1 1 0 1 2 2 -1 2 0 1 1 -2 -4 0 1 -1 1 -1 0 1 -1 -1 1
57 11 2 1 0 0 1 2 -1 2 2 1 2 -1 1 -3 1 1 1 -1 0 0 1 -2 -2 1
58 11 2 1 1 1 1 3 -2 1 1 1 1 1 -1 2 1 1 1 1 0 0 3 1 -2 -2
Continued on the next page. . .
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# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44
59 11 2 1 1 1 1 3 -2 1 1 1 2 1 -1 1 1 1 1 2 -1 0 2 1 -1 -2
60 11 2 1 1 1 2 1 2 2 1 1 2 2 -1 -2 1 1 1 -1 2 1 2 -2 1 0
61 11 2 1 1 1 2 1 2 2 1 1 2 -3 1 1 1 2 1 -1 -1 1 1 1 -1 2
62 11 2 1 1 1 2 2 1 1 2 1 3 1 1 -2 0 2 -2 -1 1 0 1 1 -2 0
63 11 2 1 1 1 2 2 1 1 2 1 3 1 1 -2 0 3 -2 -2 1 0 0 1 -1 0
64 11 2 1 1 1 2 2 2 1 1 1 1 -2 2 0 0 2 -1 -1 -2 0 1 -2 -1 2
65 11 2 1 1 1 2 2 2 1 1 1 1 -1 2 -1 0 2 -2 -1 -1 0 1 2 -1 -2
66 11 2 1 1 1 2 2 2 2 0 1 2 1 -1 1 0 3 -3 1 -1 0 1 1 -1 -1
67 11 2 2 1 0 2 2 1 1 2 2 1 1 2 -2 1 1 2 -1 -1 0 2 -2 -1 -1
68 11 3 1 1 0 2 2 1 2 1 1 3 -2 1 -1 1 3 1 -2 1 1 1 1 0 -1
69 11 3 1 1 0 2 2 2 2 0 1 2 1 -1 1 1 2 1 -1 -1 1 3 -3 1 0
70 12 1 1 0 0 1 -1 2 2 2 1 2 1 -1 -1 0 2 -1 -2 3 0 2 -1 3 0
71 12 1 1 0 0 1 -1 2 2 2 1 2 1 -1 -1 0 2 -1 4 -1 0 2 -1 -1 2
72 12 1 1 0 0 1 3 1 2 1 1 1 3 -2 -1 0 2 -2 -2 -2 0 1 -1 -2 2
73 12 1 1 1 1 1 -2 1 3 1 1 2 2 1 0 0 2 -2 2 -2 0 1 -2 1 2
74 12 1 1 1 1 1 2 -1 -2 2 1 -2 2 1 2 1 1 -2 3 1 1 2 2 1 0
75 12 1 1 1 1 1 -2 3 1 1 1 2 1 1 1 0 2 2 -3 -1 0 1 1 2 -2
76 12 1 1 1 1 1 -1 2 -2 2 1 2 3 1 -1 1 -2 1 3 1 1 2 -1 1 1
77 12 1 1 1 1 1 2 -3 3 1 1 1 2 1 1 0 2 -1 -2 1 0 2 1 1 -2
78 12 1 1 1 1 1 2 3 1 -1 1 -2 1 3 1 0 2 -2 2 -2 0 1 -1 1 1
79 12 1 1 1 1 1 2 3 2 -2 1 1 1 1 2 0 2 -2 1 -1 0 2 1 -3 0
80 12 2 1 1 0 1 1 -2 3 1 1 2 1 1 -1 0 2 -2 -2 2 0 1 -2 -1 -2
81 12 2 1 1 0 1 2 2 -1 2 1 2 1 1 -1 0 3 -3 -1 1 0 1 1 -2 -2
82 12 2 1 1 0 2 0 2 2 2 1 2 -1 2 -2 1 2 1 -1 -1 0 2 -1 0 3
83 12 2 1 1 0 2 0 2 2 2 1 2 1 -1 -1 1 2 -1 1 -1 0 2 -1 -1 4
84 12 2 1 1 0 2 1 2 3 2 1 2 2 -2 1 1 2 -1 1 -1 0 1 -2 -1 2
85 12 2 1 1 0 2 2 2 1 1 1 2 -1 -2 -2 1 1 -2 3 -1 0 1 -2 -1 2
86 12 2 1 1 0 2 2 3 1 2 1 3 -2 1 1 1 1 1 1 -2 0 2 1 -2 -1
87 12 2 1 1 0 2 2 3 2 1 1 3 -4 1 1 1 2 1 -1 -1 0 1 1 -1 1
88 12 2 2 1 1 2 2 2 1 -1 2 2 0 -2 2 1 1 -2 3 1 1 -1 2 1 1
89 12 3 1 0 0 2 2 1 2 1 2 1 2 -2 -1 1 2 -1 1 -3 1 2 -1 -1 1
90 12 3 1 0 0 2 3 1 3 1 2 2 2 -2 0 1 2 -1 -1 1 1 2 -1 0 -2
91 12 3 1 1 1 2 2 3 1 -2 2 2 1 -1 2 2 2 -2 2 0 0 1 -1 -1 -1
92 12 3 1 1 1 3 1 2 2 2 1 2 -2 -1 2 1 2 -1 1 -1 1 2 2 -1 0
93 12 3 2 1 0 3 2 2 1 2 2 1 2 -1 -2 1 2 -1 1 -1 0 2 -1 -2 1
94 12 4 1 1 0 3 2 2 1 2 2 2 -2 1 -1 2 2 2 0 -2 1 2 -1 -1 1
95 12 4 1 1 0 3 2 2 1 2 2 2 -1 2 -1 2 2 1 -1 -2 1 2 -1 -1 1
96 12 4 1 1 0 3 2 2 2 1 2 2 2 -1 -1 2 2 -2 1 -1 1 2 -1 -1 1
97 12 4 2 0 0 3 2 2 2 1 3 2 2 -2 -1 1 2 -1 1 -1 1 2 -1 -1 1
98 12 4 2 1 1 4 2 2 2 2 2 2 2 -1 -1 1 2 -1 1 -1 1 2 -1 -1 1
99 13 1 1 1 0 1 -3 2 3 1 1 2 -1 2 -2 1 3 2 1 1 0 1 -2 1 2
100 13 1 1 1 0 1 2 1 2 2 1 -2 3 1 -1 1 3 1 0 -3 0 2 2 -2 2
101 13 1 1 1 0 1 2 3 -2 2 1 2 1 1 -3 1 1 1 3 2 0 2 -2 -1 1
102 13 2 1 0 0 1 2 2 2 1 1 2 1 -2 2 1 3 1 -1 -2 0 3 -3 1 1
103 13 2 1 1 1 1 2 2 -1 2 1 -1 -2 2 2 1 2 1 1 -1 0 3 -4 -1 0
104 13 2 1 1 1 1 2 2 2 -1 1 3 -2 1 1 1 0 2 -1 2 0 3 1 -3 -1
105 13 2 1 1 1 2 0 2 2 2 1 2 -3 3 -1 1 2 3 1 -1 1 2 -1 -1 1
106 13 2 1 1 1 2 1 2 1 2 1 2 -3 3 -1 1 1 3 1 -2 1 2 -1 -2 0
107 13 2 2 1 0 2 3 2 2 1 1 1 2 -1 -1 0 2 1 -2 1 0 4 -3 0 -1
108 13 3 1 1 0 2 2 -3 2 1 2 2 3 1 2 2 1 2 1 -2 1 2 -1 -1 -1
109 13 3 1 1 0 2 2 3 -1 2 2 2 1 1 -2 1 2 -2 -1 2 0 1 -1 -2 -2
110 13 3 2 1 1 3 2 2 2 1 1 2 2 -1 -2 1 2 1 -1 1 0 3 -3 1 -1
111 13 4 1 0 0 2 3 1 2 2 2 2 1 1 -2 2 2 1 -2 1 1 3 -2 -1 -1
112 14 2 1 1 0 1 2 2 -1 2 1 3 1 1 -2 0 3 -3 -2 2 0 0 1 -3 -2
113 14 2 1 1 0 1 2 3 -1 3 1 -1 2 2 -2 1 3 1 -1 -4 1 2 -1 1 1
114 14 2 1 1 0 1 3 1 -1 4 1 2 1 1 -1 0 2 2 -2 -2 0 3 -3 -1 -1
115 14 2 1 1 0 1 3 2 -1 3 1 2 1 1 -1 0 2 2 -2 -2 0 3 -4 -1 0
116 14 2 1 1 0 2 2 2 3 1 1 2 -2 -1 -2 1 1 3 -3 0 0 1 -2 -2 3
Continued on the next page. . .
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# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44
117 14 2 1 1 0 2 3 3 2 2 1 3 -2 1 1 1 2 1 1 -3 0 2 1 -3 0
118 14 2 2 1 1 2 2 1 2 1 1 2 3 -2 -2 1 1 1 -2 3 0 3 -3 -1 -1
119 14 2 2 1 1 2 3 2 2 -1 2 2 0 2 2 1 2 2 -4 1 1 -1 2 1 -1
120 14 2 2 1 1 2 3 2 2 -1 2 2 3 -1 2 0 4 -4 -1 1 0 1 1 -1 -1
121 14 3 2 1 0 3 1 3 3 2 2 2 2 -2 0 1 2 -1 1 -1 0 2 -2 -1 3
122 14 4 1 1 0 3 3 3 1 2 2 3 1 -1 -3 2 2 -2 2 0 1 2 -1 -1 1
123 14 4 2 1 1 4 2 2 2 2 2 2 1 -2 -1 1 2 -2 -1 2 1 2 -1 2 -2
124 14 4 2 1 1 4 2 3 3 2 2 2 2 -2 0 1 2 -2 -1 2 1 2 -1 1 -1
125 14 4 2 2 0 3 2 2 1 2 3 2 1 2 -2 1 3 1 -2 -1 1 3 -2 1 1
126 15 2 1 1 1 1 2 2 2 -1 1 4 -3 1 1 1 1 2 -1 3 0 3 2 -3 -2
127 15 2 1 1 1 2 1 3 3 1 1 3 -2 2 -2 1 3 2 -3 1 1 1 -2 1 3
128 15 2 1 1 1 2 2 3 2 1 1 4 -3 1 1 0 3 2 -2 -3 0 1 1 -2 2
129 15 2 1 1 1 2 3 2 2 1 1 1 -2 -1 3 0 3 -2 -3 -2 0 1 -3 3 -1
130 15 2 1 1 1 2 3 3 1 1 1 3 -2 2 2 0 3 -1 1 -3 0 3 -1 -3 1
131 15 2 2 1 0 2 2 3 2 1 1 2 0 -1 -2 0 3 -4 -1 2 0 1 3 -3 1
132 15 2 2 2 1 2 2 2 3 -1 1 -3 -1 3 2 1 4 -3 1 1 1 1 2 -1 1
133 15 3 2 1 1 2 3 2 -1 2 2 2 3 2 -1 1 4 -4 1 0 0 2 1 -1 -2
134 15 3 2 1 1 2 3 2 2 -1 2 0 2 -2 2 1 3 -2 1 1 0 3 0 -4 -1
135 15 3 2 1 1 2 3 2 2 -1 2 1 2 -1 2 1 4 -3 1 1 0 3 1 -3 -1
136 15 3 2 1 1 3 1 3 3 2 2 2 3 -2 1 1 2 -3 -1 3 1 2 -1 1 -1
137 15 3 2 2 0 3 3 2 3 1 1 4 -3 1 -1 1 1 2 -1 -1 0 3 1 -3 1
138 15 4 2 1 0 3 2 2 2 1 2 3 2 -1 -2 1 4 -3 1 -1 1 3 1 -1 2
139 16 1 1 1 1 1 2 -3 2 4 1 2 3 1 1 0 2 -2 3 -3 0 3 -1 -3 -1
140 16 2 1 1 0 2 2 3 2 1 1 3 -4 -1 3 1 2 -1 -1 -3 0 1 3 -3 1
141 16 2 2 1 1 2 2 4 2 -2 2 1 2 2 3 1 3 -4 3 -1 1 2 0 -2 1
142 16 2 2 1 1 2 2 4 2 -2 2 2 1 -1 2 1 3 -4 3 -1 1 -1 1 3 2
143 16 2 2 1 1 2 2 3 4 -1 2 3 -1 2 2 1 4 2 -4 -1 1 -1 2 -1 1
144 16 2 2 1 1 2 4 2 2 -2 2 2 1 2 3 1 2 2 -4 1 1 -2 3 1 -1
145 16 3 1 1 1 2 3 3 3 -1 1 4 -5 1 -1 1 2 1 -1 1 0 2 2 -2 -2
146 16 3 1 1 1 3 3 2 3 1 1 2 -2 -2 3 1 3 -2 -1 -3 1 1 3 -3 0
147 16 3 2 1 0 2 4 2 -2 2 2 2 1 3 2 2 1 2 1 -2 0 4 -3 1 -2
148 16 4 1 1 0 2 3 2 1 2 2 3 1 2 -2 1 4 1 -3 -1 1 4 -3 1 1
149 16 5 1 1 1 3 3 3 1 -2 3 3 1 -2 3 3 3 -2 3 1 1 2 -1 -1 -1
150 16 5 2 2 1 5 3 3 2 3 2 3 -2 2 -1 2 2 2 0 -2 1 3 -1 -2 1
151 17 1 1 1 0 1 -3 2 4 2 1 2 3 1 -3 1 4 1 1 3 0 2 -3 3 -2
152 17 2 1 1 1 2 2 2 3 1 1 2 -3 -2 4 1 3 -2 -1 -3 1 1 4 -3 1
153 17 2 2 1 0 2 3 -1 3 3 1 1 2 -1 -1 0 2 -2 -2 2 0 2 -3 1 -6
154 17 3 1 1 0 2 2 -2 4 2 2 3 2 1 -2 1 3 -2 -3 3 0 1 -3 -1 -3
155 17 3 2 2 0 3 3 3 2 1 1 4 2 -3 -2 1 0 -1 2 -2 0 4 -4 1 1
156 18 2 2 1 1 2 -1 3 -3 3 2 3 2 2 -1 1 -3 1 5 2 1 3 -2 1 3
157 18 3 1 0 0 2 3 -1 4 4 2 3 -1 2 -4 2 2 2 -3 1 0 1 -3 -3 1
158 18 3 1 1 1 2 2 2 4 -2 2 3 4 -4 -1 2 1 2 2 3 2 3 -3 -1 1
159 18 3 2 1 0 3 3 2 3 1 2 1 4 -4 -1 1 3 -2 -1 -3 0 2 -2 -3 3
160 18 3 2 2 1 3 0 3 3 -3 2 3 2 -1 2 2 3 -2 2 1 1 -3 1 2 5
161 18 3 2 2 1 3 1 2 3 3 2 2 2 4 -2 2 3 4 -4 -1 1 3 -2 -1 1
162 18 3 2 2 1 3 3 2 1 3 2 4 2 2 -2 1 -5 4 3 -1 0 1 2 -2 -1
163 18 4 2 1 1 2 3 2 2 -1 2 2 2 -1 3 1 4 2 -3 -2 1 5 -4 1 1
164 18 4 2 1 1 3 2 3 3 1 2 4 2 -2 -2 2 2 1 -2 3 1 4 -4 2 1
165 18 4 2 1 1 3 3 2 3 1 2 4 2 -2 2 1 3 2 -1 -3 0 4 -4 1 -1
166 18 5 2 1 0 3 3 2 3 1 2 4 2 -2 2 2 3 2 -1 -2 1 5 -4 1 -1
167 18 6 2 1 1 5 3 3 3 2 3 3 2 -3 -1 2 3 -2 -1 2 2 3 -1 2 -2
168 18 6 2 2 2 6 3 3 3 3 2 3 2 -1 -2 2 3 -1 -2 2 2 3 -2 2 -1
169 19 2 2 1 0 2 3 2 1 2 1 -2 3 -3 -3 1 4 -1 2 -4 1 -3 2 5 -1
170 19 2 2 2 1 2 5 2 2 -3 2 2 2 1 3 1 -3 2 4 -2 0 2 -4 3 1
171 20 2 2 1 1 2 4 2 5 -1 1 3 2 -2 2 1 -4 5 1 1 0 3 3 -3 -3
172 20 3 2 1 0 3 2 3 3 1 2 3 -1 -2 -4 1 3 -2 -4 4 0 1 -4 4 1
173 21 3 2 1 1 3 4 5 3 -3 2 2 2 2 4 1 3 2 -5 1 1 4 -3 1 -1
174 23 2 2 2 1 2 2 6 2 -4 2 3 2 1 4 1 3 -4 5 -3 0 4 -2 -4 -2
Continued on the next page. . .
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Table I: continued
# δ α1 α2 α3 α4 β1 γ11 γ21 γ31 γ41 β2 γ12 γ22 γ32 γ42 β3 γ13 γ23 γ33 γ43 β4 γ14 γ24 γ34 γ44
175 24 2 2 1 1 2 6 2 -4 2 2 2 1 5 4 1 -4 5 -3 3 1 2 4 3 -4
Bipartite Bell non locality in many-body systems
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CHAPTER 3
DETECTION OF THE NON-CLASSICAL NATURE OF
LIGHT WITH THE HUMAN EYE
So far, we have focused on the characterisation of quantum correlations in multi-
ple spin systems and clarified some requirements on the detection techniques. We
also recognise that quantum features can appear in a single mode of light, where
a mixture of coherent states in one mode is considered to be only classical. Re-
vealing non-classicality in this single mode can be done using an autocorrelation
measurement with two non photon number resolving detectors after a 50/50 beam
splitter by recording the single clicks and the twofold coincidence events. One can
thus compute the second-order coherence function (g2(τ) = 〈I(t)I(t+ τ)〉/〈I(t)〉2)
which is an intensity correlation function of the radiation. The intensity fluctu-
ations of light classified as follow, chaotic (g2(τ) > 1), coherent (g2(τ) = 1), or
subPoissonian (g2(τ) < 1), where the last one reveals non classicality of quantum
states [25]. This method has been successfully achieved in numerous photonic ex-
periments [26, 27, 28, 29, 30] and requires the ability to distinguish between the
presence or the absence of photons on the detector.
Can one imagine revealing the quantum nature of a single mode of light without
the capability to distinguish between zero and non-zero photon number? Many
detectors are indeed unable to achieve such a resolution. For example, the CCD
camera on our smart phone detect the photon number with an incertitude of the
order of 2 to 3 photons in the best case. [31]. The human eye does not have
this ability either since it has been described as a detector with a threshold at
7 photons with an efficiency of 80% [32, 33]. Can one use detectors without the
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ability discussed above to demonstrate the non-classical nature of light?
Let us focus on an extreme example – the human eye. Several proposals for
demonstrating quantum behaviour using the human eye have been done in the
past. Some either use an incorrect model of the human eye [34], or rely on strong
assumptions about the measured quantum state [35, 36]. A recent proposal, how-
ever, has managed to show how to demonstrate entanglement with the human eyes
avoiding assumptions on the state [33], but still requiring a precise description of
the functioning of the human eye as a photo detector, which can be hard to achieve
in practice.
We find that one can avoid such assumptions as well, and propose a witness of non
classicality based on an extension of the autocorrelation function. This witness
does not require a detailed description of either the state nor of the measurement
apparatus. We end up with a concrete proposal for detecting the non-classical
nature of light using simple quantum optics tools, namely spontaneous parametric
down conversion (SPDC) sources and displacement operations in phase space.
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We give a complete proposal showing how
to detect the non-classical nature of photonic
states with naked eyes as detectors. The en-
abling technology is a sub-Poissonian photonic
state that is obtained from single photons, dis-
placement operations in phase space and basic
non-photon-number-resolving detectors. We
present a detailed statistical analysis of our
proposal including imperfect photon creation
and detection and a realistic model of the hu-
man eye. We conclude that a few tens of hours
are sufficient to certify non-classical light with
the human eye with a p-value of 10%.
1 Introduction & motivations
Efforts have been recently devoted to the realization
of quantum experiments with the human eye. This
endeavor is however challenging. The proposal of Ref.
[1] which uses many entangled photon pairs to realize
a Bell test with the eye does not allow one to violate a
Bell inequality with a realistic model of the eye. Refs.
[2, 3] which propose to amplify entanglement of a pho-
ton pair through a phase covariant cloning, can lead
to entanglement detection with eye-based detectors
provided that strong assumptions are made on the
source. While no assumption is needed on the func-
tioning of the eye, it is necessary to assume that the
source produces true single photons. From a practical
point of view, phase-covariant cloning is also difficult
to implement. In particular, cloning is inherently mul-
timode when implemented with a non-linear crystal as
suggested in Ref. [2]. The undesired modes can be fil-
tered out but at the price of introducing substantial
loss. Ref. [4] provides a technically simpler solution
by using displacement operations on single-photon en-
tanglement. This proposal allows one to detect en-
tanglement with the eye without assumption on the
source but needs a precise description of the visual
system. Indeed, the entanglement witness proposed
in Ref. [4] relies on a well-defined model of the eye
thus requiring a detailed characterization of the hu-
man eye. Importantly, in both Ref. [2] and [4], entan-
glement is detected before the amplification. That is,
these proposals allow one to conclude that few-photon
entanglement can be detected by the human eye up-
graded by phase-covariant cloning and displacement
operations respectively. The question we address in
this manuscript is how the quantum nature of light
can be directly detected with the eye.
The motivations are twofold. First, our proposal is
a fascinating attempt to get closer to the quantum
world. Indeed, it is conceptually very different
from standard quantum optics experiments where
measurements are done by photon detectors and
the sole role of experimentalists in the measurement
process is to analyse the experimental data stored on
a computer. The envisioned experiment is unitary
until the eye, so if a collapse happens it does not
happen before the eye. Second, such an experiment
interfaces quantum light and biological systems.
Inspired by the great success of quantum optics in
revolutionizing communications [5], metrology [6],
sensing [7] or computing [8], this experiment of a
new kind may flourish with important applications
for biomedical research.
As stated before, the proposal of Ref. [4] is
appealing as it uses simple ingredients, namely
single-photon entanglement and displacement op-
erations. In this manuscript, we derive a witness
for non-classical states and we show how the same
ingredients allow one to reveal the non-classical
nature of a superposition state with the eye. Our
witness needs no assumption on the photon number
produced by the source or on the precise modelling of
the eye. It simply relies on the assumption that the
probability to detect light increases with the photon
number. While entanglement detection requires
measurements in different bases, the experiment
that we propose is simpler as it uses displacement
operations with fixed amplitudes and phases. It does
not need interferometric stabilization of optical paths
and is very robust against loss. We show, through a
detailed feasibility study including a realistic model
of the human eye with a reasonable recovery time
as well as imperfect photon creation and detection,
that a few tens of hours are sufficient for our witness
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to conclude about non-classicality with a p-value of
10%. Our results point towards a concrete proposal
for implementing the first experiment where the
quantum nature of light is revealed directly with the
human eye.
2 Witnessing non-classicality with
rudimentary detectors
Coherent states |α〉 of a harmonic oscillator (or a
mode of the electromagnetic field) saturate the un-
certainty relations for any pair of quadratures as well
as for amplitude and phase [9]. In addition, they are
eigenstates of the positive frequency part of the quan-
tized field and vector potential operators [10]. For
these reasons, the set of coherent states is thought as
the most classical subset of all possible pure states of
light. In this context, a state which can be expressed
as a mixture of coherent states |α〉
ρclass =
∫
d2α p(α)|α〉〈α|, with p(α) ≥ 0 (1)
is considered classical, and any state which cannot
be decomposed in this way is then non-classical. It is
easy to see that the convex combination of coherent
states in Eq. (1) satisfies 〈Nˆ
2〉−〈Nˆ〉
〈Nˆ〉2 ≥ 1 with Nˆ the
number operator [11]. Hence, a photon-counting
detector can be used to witness the non-classical
nature of a light state. If the photon-counting
results reveal 〈Nˆ
2〉−〈Nˆ〉
〈Nˆ〉2 < 1, we can indeed conclude
that the measured state is non-classical. Note that
all non-classical states lead to entanglement when
combined with the vacuum on a beamsplitter [12].
The link with entanglement helps clarifying the
notion of non-classical states.
Moreover for few photon states, 〈Nˆ2〉− 〈Nˆ〉 can be
approximated by ∼ 2〈|2〉〈2|〉 and 〈Nˆ〉2 by ∼ 〈|1〉〈1|〉2.
Hence, one can use a 50/50 beamsplitter and two
non-photon-number-resolving detectors to witness
the non-classical nature of few photon states by
checking that the two-fold coincidences (∼ 〈|2〉〈2|〉/2)
are smaller than the product of singles (∼ 〈|1〉〈1|〉2/4),
cf. [13] for a proper derivation. Can one still use this
criterion in presence of other kinds of detectors? We
now address the question of the conditions required
to witness the non-classical nature of a light source
with a 50/50 beamsplitter and two detectors.
Let us consider an arbitrary detector with a binary
outcome, one corresponding to click, the other one
to no-click. We label ps(α) the probability to get a
click when a coherent state |α〉 impinges on such a
detector. In a scenario where two of these detectors
are placed after a 50/50 beamsplitter, the probabil-
ity to get a twofold coincidence with any classical
state is given by pc(ρclass) =
∫
d2α p(α)ps(α/
√
2)2
whereas the probability of a single detection is given
by ps(ρclass) =
∫
d2α p(α)ps(α/
√
2). This sim-
ply comes from the fact that a coherent state splits
into two similar coherent states on a beamsplitter
|α〉 BS−→ | α√2 〉t ⊗ |
α√
2 〉r. The Cauchy-Schwarz in-
equality
∫
f(µ)2dµ
∫
g(µ)2dµ ≥ (∫ f(µ)g(µ)dµ)2 for
f = 1, g = ps(α/
√
2) and dµ = p(α)d2α then implies
pc(ρclass)
ps(ρclass)2
≥ 1. (2)
In other words, any detector can be used to witness
non-classicality as long as one has two copies of
this particular detector. It suffices to place these
detectors after a 50/50 beamsplitter and to record
the number of singles and coincidences. If the ratio
between the probability of having a coincidence and
the square of the probability of singles is smaller than
one, we can safely conclude that the measured state
is non-classical. We show in the appendix A that
the ratio between the coincidence and the product of
singles is a witness for non-classicality even if the two
detectors after the beamsplitter are not identical and
the beamsplitter is not balanced, as long as ps(α) is
an increasing function of the photon number |α|2 for
both detectors. These results are used in the next
section to show how to detect non-classical states
with the human eye.
3 Witnessing non-classicality with the
human eye
Let us start this section by recalling how to model
the response of the human eye to weak light stimuli.
In a landmark experiment Hecht, Shlaer and Pirenne
tested the capability of the human eye to detect light
pulses containing only a few photons [14], see also
[15]. In their experiment, an observer was presented
with a series of multimode thermal light pulses and
asked to report when the light is seen. Similar results
have been obtained much more recently with coherent
light pulses (monomode light also having a Poissonian
photon-number distribution) [16], thus indicating
that the response of the eye does not depend on the
number of modes. Interestingly, the results of both
experiments are very well reproduced by a model in
which coherent states are sent onto a threshold detec-
tor preceded by loss. In particular, the experimental
data of Ref. [14] is compatible with a threshold at
θ = 7 photons and an efficiency of ηe = 8%, see Fig.
1 in Ref. [4]. Note that these numbers depend on the
psychophysics, i.e. the dark adaptation, the choice of
dead-times and methods for eliciting responses from
the observer about his experience of light stimuli. In
particular, the recent results reported in Ref. [16]
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Figure 1: Result of an auto-correlation (g(2)(0)) mea-
surement in which two eyes are placed after a 50/50
beamsplitter. The ratio between the probability to
see light with both eyes and the square of the proba-
bility to see light with one eye is recorded for an input
state D(α)(|0〉+ |1〉)/√2, considering real α. We here
show this ratio as a function of α. Ratios smaller than
one (red dashed line) witness the non-classical nature
of the state.
are compatible with lower thresholds and several
references [17, 18] suggest higher efficiencies. In the
remainder of the paper, we keep the model of the eye
with parameters associated to the seminal work of
Hecht and co-workers (θ = 7 and ηe = 8%). We show
that these parameters are conservative, i.e. higher
efficiencies or lower thresholds reduce the number of
experimental runs that are needed to conclude about
non-classicality.
Given the witness for non-classical states presented
in the previous section, we envision an experiment
where two eyes are placed after a beamsplitter. The
event “click” corresponds to the case where the
observer sees light, “no-click” where no light is seen.
The experiment is repeated several times to access
the probability to see light with one of the two eyes
as well as the joint probability to see light with
both eyes. The ratio between the coincidences and
the product of singles is then used to reveal non-
classicality. This ratio is labelled g(2)(0) in analogy
to the standard autocorrelation measurement.
To make a complete proposal, we still need to
find a quantum state for which the non-classical
nature can be revealed in such a setup. Note that
sub-Poissonian states, i.e. states for which the
distribution in photon-number space is narrower
than the one of a coherent state with the same
mean photon number, are natural candidates for
achieving g(2)(0) < 1 with threshold detectors such
as the human eye. This is because there is a regime
where, for the same probability of singles, the narrow
photon-number distribution of a sub-Poissonian state
yields a lower coincidence probability than the one of
the corresponding coherent state. As an illustration,
consider an ideal threshold detector and a Fock
state that has enough photons to eventually make
one of the detectors click, but not enough to give a
coincidence.
While Fock states with large photon numbers are
challenging to produce, a sub-Poissonian state can
be obtained in practice by displacing a superpo-
sition of vacuum and single-photon Fock state in
phase space. The resulting state D(α)
∣∣∣ 1√2 (0 + 1)〉,
where D(α) stands for a displacement operation,
indeed has a variance in photon-number space that is
1+8|α|2−4Re(α)2
2+4|α|2+4Re(α) times that of a coherent state with the
same mean photon number. This ratio admits values
that are below one, and interestingly, for a given
strength of the displacement |α|2, it is minimal and
always inferior to unity when α is real. Consequently,
from here on we will only consider real displacements.
Fig. 1 shows the value of g(2)(0) obtained when
sending such a state on a 50/50 beamsplitter followed
by two eyes as a function of the amplitude of α. We
see that the non-classical nature of D(α)
∣∣∣ 1√2 (0 + 1)〉
can be detected with the human eye as long α ≤ 13.3.
For larger α, the two eyes always see light and the
ratio between coincidences and singles tends to one.
However, in the range of displacement values α ∼ 10,
one can expect non-negligible occurrence frequency
for the event “seen” for both eyes. These encouraging
estimations compel us to make a detailed feasibility
study, i.e. to propose a practical way to create a
single photon superposed with vacuum, to account
for imperfect generation efficiency, channel loss, lim-
ited detection efficiencies and to conclude about the
statistics that is required to witness non-classicality
with the human eye.
4 Proposed experiment
The experiment we envision is shown in Fig. 2.
A source based on spontaneous parametric down-
conversion is used to create photon pairs, the
detection (on detector Dh in Fig. 2) of one photon
from a given pair serving to herald the presence of its
twin. The latter is then sent into a 50/50 beamsplit-
ter to create path-entanglement, i.e. entanglement
of the form (|0〉t |1〉r − |1〉t |0〉r)/
√
2 between the
transmitted and reflected modes of the beamsplitter
which share a single photon. The reflected mode is
subsequently detected with a non-photon-number-
resolving detector (detector Dg in Fig. 2) preceded
by a displacement in phase space D(β). With
the appropriate displacement amplitude, such a
measurement performs a pretty good measurement
along the x direction of the Bloch sphere having |0〉
and |1〉 as its north and south pole respectively [19].
In other words, with the appropriate displacement, a
detection click projects the transmitted mode into a
3
Figure 2: Schematic representation of the experiment
envisioned to witness the non-classical nature of a su-
perposition state D(α)(|0〉t+|1〉t)/
√
2 with the human
eye. The superposition (|0〉t + |1〉t)/
√
2 is prepared
by first sending a single photon into an unbalanced
beamsplitter and by subsequent detection of the re-
flected mode with a photon detector preceded by a
displacement operation. For displacements with a
small enough amplitude, this projects the transmitted
mode into a state close to the desired superposition.
This superposition state is then displaced to produce
the non-classical state of interest. A 50/50 beamsplit-
ter and two eyes are then used to analyse this state
with a measurement analogous to an auto-correlation
measurement.
state close to (|0〉t + |1〉t)/
√
2. Such a state is then
displaced in phase space, split using a 50/50 beam-
splitter and sent to human observers. The single and
coincidence events are recorded and the experiment
is repeated until the observers can conclude about
the non-classical nature of the superposition state
with enough statistical confidence. As it is not clear
what psychophysical test would allow to distinguish
a dim flash of light occurring in the left vs. the
right eye and a temporal discrimination with a single
observer would require unrealistic delays, we envision
an experiment with two observers, each reporting
on whether he/she sees light each time a detection
click is obtained on Dg. We show below how to get a
triggering rate compatible with a synchronization of
the two observers’ answers.
Note that in this setup, one can tune the transmis-
sion coefficient of the first beamsplitter along with
the displacement amplitude β, effectively modifying
the input state for the autocorrelation measure-
ment. Finally, we observed that the closest state to
D(α)
∣∣∣ 1√2 (0 + 1)〉 is obtained by choosing a highly
unbalanced beamsplitter with transmission t ∼ 1 and
using a displacement D(β) with almost zero ampli-
tude. In this case, we get a very partially entangled
state and maximum coherence of the conditional
state (|0〉t + |1〉t)/
√
2 is restored by measuring the
reflected mode almost along the z direction and
post-selecting the case where a click is obtained. This
favors larger fidelities of the conditional state because
the measurement noise is reduced when it gets closer
to the z direction [19]. However, the probability to
get a click drops when the transmission of the beam-
splitter increases. There is thus a trade-off between
the “quality” of the states produced by the source
and the rate at which they are produced. The pa-
rameters β and t have to be optimized in view of the
statistics needed to witness non-classicality, cf. below.
Several requirements need to be satisfied for
implementing the experiment proposed in Fig. 2. (i)
The efficient generation of pure, indistinguishable
and narrowband single photons is the first one. A
straightforward way to create photons with these
properties from spontaneous parametric down-
conversion is to combine short, Fourier-limited pump
pulses with a narrow-band filtering of the heralding
photons. This results in Fourier-limited heralded
photons with the spectrum of the pump [20]. To
ensure a high coupling efficiency of these heralded
photons into an optical fiber, a plane wave pump
is required and the heralding photons need to be
spatially filtered with a single mode fiber before
being detected. This projects the heralded photons
into the fundamental spatial mode of the fiber,
and hence allows one to reach very high coupling
efficiencies [21]. (ii) The photons need to have a color
that can be seen by the human eye. This can be
fulfilled with a pump at 405nm down-converted into
non-degenerate photon pairs at 1536 and 550nm.
The advantage is threefold. 550nm is very well
suited for the human eye and the photons in the
telecom band can be efficiently filtered both spatially
and in frequency. The telecom mode can also be
seeded with a stable cw telecom laser to generate the
coherent states that are needed for the displacement
operations, cf. below. (iii) The click rate on the
detector Dg in Fig. 2 needs to be adapted to the
timescale of the response of the human eye as it
sets a start for the observers. This can be done by
reducing the repetition rate of the pump laser with
an optical chopper. The heralding rate on Dh and
thus on Dg, can then be easily set by tuning the laser
intensity and the duty cycle of the optical chopper,
c.f. below. (iv) To implement the displacement
operations, we need an unbalanced beamsplitter and
coherent pulses with Poissonian photon distribution
that are indistinguishable from the photons at 550
nm in all degrees of freedom. This can be done using
difference frequency generation. More precisely, we
propose to use a second non-linear crystal, identical
to the first one and pumped by the same laser but
with a narrow seed of the telecom mode. In contrast
to spontaneous parametric down-conversion, the
seed results in coherent states at 550 nm with the
characteristics of the pump laser, i.e. Fourier-limited
coherent states with the spectrum of the pump [22].
Since the coherent states created in this way and
the single photons at 550 nm are generated from the
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Figure 3: Schematic of the setup to produce superpo-
sition states close to D(α)(|0〉t + |1〉t)/
√
2 and to de-
tect their quantum nature with the human eye. Star:
laser, χ2 : non-linear crystal, DM: dichroic mirror, f:
filters, WP: wave-plates, PBS: polarizing beamsplit-
ter, BS: beamsplitter. See text for details.
same pump, their indistinguishability is insensitive
to the pump fluctuations. Note also that with a
ps pump, the effect of frequency fluctuations of the
telecom laser is negligible. The slow fluctuations
in intensity of the latter can be recorded and taken
into account once the measurements are done. In
the worst case, they can be monitored and cor-
rected with a feedback loop. Albeit with different
wavelengths, the proposed technique has already
been used successfully in various experiments [22, 23].
Concretely, we envision an experiment where a
Ti-Sa laser is doubled to create 2 − 3ps pulses at
405nm with a repetition rate of 80 MHz, see Fig.
3. These pulses are then used to pump two crystals
in order to be down-converted to 1536 and 550nm
respectively. The first crystal will be used to create
pure single photons at 550nm by picking up a single
spatial and frequency mode of the photons at 1536nm
with a monomode fiber and a narrowband spectral
filter. Coherent states that are indistinguishable from
the photons at 550 nm are generated by seeding the
second crystal with a pulsed telecom laser. Let us
emphasize that the critical point of this experimental
implementation is the noise. In standard experiment,
the noise is filtered out by analyzing the detection
times to discriminate between true and false events.
As the response of the human eye is not fast enough
for such a temporal discrimination, we need to be sure
that a limited number of undesired photons can reach
the eye of the observer. First, we propose to decrease
the repetition rate of the pump laser to 1.6 MHz
using an optical chopper with a duty cycle of 0.02.
By tuning the pump intensity to get a pair emission
probability of 0.8 × 10−3 and considering a global
detection efficiency of 0.08 for Dh (i.e. a coupling
efficiency of 0.8, a filter transmission of 0.4 and a raw
detection efficiency of 0.25), we get a heralding rate
on Dh of ∼ 100 Hz. Moreover, we consider a coupling
efficiency of the heralded photon at 550nm of ηc = 0.8
in agreement with the experimental results reported
e.g. in Ref. [21]. The detection efficiency of the
visible detector in the upper arm of Fig. 2 is assumed
to be ηd = 0.5 which is realistic even when including
the transmission loss from the source to the detector
and the inefficiencies of linear optical elements. We
neglect mismatches in the indistinguishability of
the photons and coherent states at 550nm, which
is well justified given the results of Ref. [22] where
the visibility of the Hong-Ou-Mandel interference
between a single photon and a coherent state created
via identical crystals as described before was only
limited by the statistics of the coherent state. We
set the transmission t = 98% which, together with
the value of the displacement β ∼ 0.08 chosen to
minimize the total number of experimental runs (cf.
below), ensures that 1% of the heralds on Dh lead
to a click on Dg. Meanwhile the conditional state
generated on the lower arm shows a near maximal
95% fidelity with respect to D(α) | 1√2 (0 + 1)〉.
The dominant noise in this scenario comes from the
coherent states that are used for the displacement op-
erations. We propose to trigger the seed that is used
to generate these coherent states on detections in Dh.
In this case, the noise is ∼ 100 times greater than the
signal. To reduce it further, a pulse picker is placed
in front of the eyes which is triggered by detections
on Dg. Considering an extinction ratio of 1:2000, we
get a signal-to-noise ratio of ∼ 20, which should be
more than enough to perform the proposed measure-
ment. Note that the pulse picker also filters out other
sources of noise, including the spontaneous emission
of the crystal used to generate single photons at 550
nm (that is negligible with respect to the noise due to
coherent states). Note also that∼ 100ns are needed to
trigger the pulse picker on detections by Dg, which re-
quires a delay line of 20m of fiber, representing negligi-
ble loss for typical attenuation < 12dB/km at 550nm.
5 Statistics
To conclude the feasibility analysis of the proposed
experiment, we now turn to the question of statistics,
and determine the number of runs needed to exclude
the possibility that the observed finite statistics are
the result of measurements on a classical state. This
is a particularly relevant question in our case, as the
repetition rates that can be attained with the human
eye are much lower than the slowest commercial
detectors. The statistical study that we describe
in this section aims at estimating the time-resource
that an experimenter would have to allocate to such
an experiment for the efficiencies discussed in the
previous section, depending on the accuracy he wants
to achieve.
The statistical issue is essentially an estimation of
the odds of having g(2)(0) < 1 from a classical photon-
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number distribution. To answer this we consider the
multinomial joint probability
P (Ns, Nc) =pNcc (ps − pc)Ns−Nc(1− ps)N−Ns
×
(
N
Nc, Ns −Nc, N −Ns
) (3)
of obtaining Ns singles and Nc coincidences out of
N experimental runs, from the knowledge of the
single and coincidence probabilities in one round
{ps, pc}. Note that we assume here that the single
probability on each eye is identical, and that the
runs are independently and identically distributed
(i.i.d.). Further note that the form of the above
distribution, whose natural variables are Nc and
Ns − Nc, stresses the dependence of the events
“single” and “coincidence”. Indeed we have defined
a single in one arm regardless of the situation in
the other arm, hence a coincidence is counted as a
single as well. The outcome “single only” has an
occurrence probability ps − pc as can be seen in the
multinomial expression. Both the quantum scenario
presented before, with {ps(ρq), pc(ρq)} depending on
the non-classical state ρq, and the classical one with
{ps(ρc), pc(ρc)} such that pc(ρc) ≥ p2s(ρc) give rise to
a probability distribution that we label respectively
by P q(Ns, Nc) and P c(Ns, Nc).
We then choose an estimator χ which is a func-
tion of the total number of singles Ns and coinci-
dences Nc observed in N rounds of the experiment,
cf. below. For a given N , this estimator takes the
value χ(Ns, Nc) with probabilities P q(Ns, Nc) and
P c(Ns, Nc) in the quantum and classical scenarios.
The probability of observing a value of χ smaller than
a given value χ0 in the quantum (classical) case after
N rounds is thus given by
P (χq/c ≤ χ0) =
∑
Ns,Nc|χ(Ns,Nc)≤χ0
P q/c(Ns, Nc). (4)
On one side, the quantum distribution tells us what is
the probability with which we can expect to observe
(in a quantum experiment) a value of χ smaller or
equal to some value χ0. We write this probability
Pstop = P (χq ≤ χ0). (5)
On the other side, the classical distribution allows us
to define the p-value Ô associated with the rejection
of the null hypothesis “the state is classical” once a
value χ0 is observed. This p-value is given by
Ô = max
pc≥p2s
P (χc ≤ χ0) (6)
where the maximum is taken over all classical scenar-
ios satisfying pc(ρc) ≥ p2s(ρc). Alternatively, we can
read the relation (6) as a definition of the critical value
of the estimator χ0 which needs to be obtained in or-
der to rule out all classical states with a confidence
of 1− Ô. Choosing first the p-value, Eq. (6) gives χ0
which can then be used to get the probability to stop
at the N th run using Eq. (5). The average number
of runs that is needed to rule out classical states can
finally be estimated as (cf. Appendix B)
〈N〉 Ä
∑
j≥0
n(2j + 1)
2 (Pstop(n(j + 1))− Pstop(nj))
(7)
where n is a coarse-graining parameter used to make
the computation faster.
The question at this stage is what is a good choice
for the estimator. Let us consider the space of fre-
quencies defined by (f2s , fc) ≡
((
Ns
N
)2
, NcN
)
. We
choose a set of coordinates {x, y} to cancel the co-
variance and to equal the variances of P q(Ns, Nc) in
the x and y directions at first order in 1N . This is
achieved by settingx =
√
c
bf
2
s + d√cbfc
y =
√
b
cfc
(8)
with 
b =
√
(1−pc(ρq))ps(ρq)
(1−ps(ρq))pc(ρq) − 1
c = 1−pc(ρq)2ps(ρq)(1−ps(ρq))
d = −1
.
The projection of P q(Ns, Nc) in the x−y plane hence
defines circular isolines, cf. Fig. 4 red isolines. The
dashed black line in Fig. 4 distinguishes the frequen-
cies coming from classical and non-classical states. In
particular, the distributions with mean values lying on
this boundary come from states with pc(ρc) = p2s(ρc),
i.e. coherent states with various ps. The classical sce-
nario that best reproduce the quantum statistics is
quite clearly a coherent state which minimizes the
Euclidean distance to the quantum distribution, i.e.
centered on the orthogonal projection of the quantum
distribution onto the dashed black line of Fig. 4. Such
a coherent states is associated with
ps(ρc) =
√
c(c+ d)ps(ρq)2 + (d(c+ d) + b2)pc(ρq)
b2 + (c+ d)2 .
(9)
Calling (x′0, y′0) the center of the corresponding distri-
bution P c(Ns, Nc), an estimator of the form
χ = y′ − y′0 + a(x′ − x′0)2, (10)
where x′ = cos(φ)x+sin(φ) y, y′ = cos(φ) y−sin(φ)x
and φ = arccos c+d√
b2+(c+d)2
is intuitively minimized
by the coherent state satisfying (9) for appropriate
a, as φ is such that the axis of the parabola is
orthogonal to the classical/non-classical boundary.
The probability that enough statistics is obtained
after N runs to exclude the classical distribution
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Figure 4: Projections in the modified frequency plane
{x, y} defined in Eq. (8) of the probability distribu-
tions P q(Ns, Nc) for the quantum scenario presented
in Fig. 2 (red isolines) and P c(Ns, Nc) for the coher-
ent state defined in (9) (green isoline). The blueish
contour line is the estimator given in Eq. (10). The
dashed black line separates the mean values of quan-
tum and classical states as witnessed by a g(2)(0) mea-
surement. In particular, the shaded area includes all
states with g(2)(0) ≥ 1.
P c(Ns, Nc) with the estimator given in Eq. (10)
can be computed numerically as a function of the
steepness of the parabola a and the amplitude of
displacement operations α, β. After checking that
the considered classical strategy is indeed optimal for
the estimator (10), we obtained the optimal values
a = 40 and (α, β) Ä (10.99, 0.08) for the efficiencies
discussed in the previous section and the model of
the eye matching the data of Hecht and co-workers
(θ = 7, ηe = 8%). The results are shown in Fig. 5 for
p-values of 1% and 10%. We see for example that after
350000 runs, we have more than 50% chance of being
able to rule out classical states with a confidence of
1−Ô = 99%. For n = 12500, we find 〈N〉 Ä 402964 for
a confidence of 99%. Note that to perform 403000 runs
with a repetition rate of 1Hz takes about 112 hours.
The latter provides an upper bound on the timescale
of the proposed experiment to get a p-value of 1%.
A similar analysis for a p-value of 10% shows that
46 hours are likely to be enough to detect the non-
classical nature of a single photon superposed with
vacuum using the human eye. This goes down to 35
hours when considering a threshold at 3 photons while
keeping 8% efficiency and to 29 hours for an efficiency
of 10% and a threshold at 7 photons.
6 Conclusion
We have presented a concrete proposal for a quantum
experiment with the human eye, including the full
analysis of the measurement statistics. It uses
simple components, namely path-entanglement,
displacement operations in phase space and non-
Figure 5: Probability to get enough statistics to con-
clude about non-classicality as a function of the num-
ber of runs N for a p-value of 1% (blue dotted line)
and 10% (red dashed line).
photon-number-resolving detectors, to certify with
naked eyes the non-classical nature of a state of light.
We have given a detailed recipe using parametric
conversions and photon-counting techniques only,
i.e. commercially available devices working at room
temperature that are routinely used in practice. We
have shown that the statistics obtained in a few tens
of hours would be sufficient to certify non-classicality
with a p-value of 10%. This was obtained with
realistic models of the human eye and taking loss and
non-unit efficiencies of photon detectors into account.
We believe that these timescales are well within
reach in practice primarily because the data do not
need to be taken in a row. Following in particular
the implementation proposed in Fig. 3 where a
single photon and a coherent state with different
polarizations impinge on a polarizing beamsplitter to
follow the same optical path and where a set of wave
plates and a polarizing beamsplitter are used to make
the displacement operations, we can certify from
our past experiment [23] that the setup is extremely
stable even without active stabilization of relative
path-length fluctuations. It is thus very likely that
the data acquisition can be stopped and started
again later for several tens of hours without problem.
Despite many preconceptions, we expect the response
of the eye to be consistent over long minutes after
appropriate dark adaptation. Slow threshold or
efficiency drifts can be taken into account easily by
periodic re-calibration of the amplitude of displace-
ment operations. We thus see our work as a concrete
and realistic proposal to realize the first experiment
where the non-classical nature of light is detected
directly with the human eye.
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8 Appendices
8.1 Autocorrelation with different arbitrary de-
tectors
Let us recall the definition of a classical state as
given in the main text: ρcl =
∫
d2α p(α)|α〉〈α| with
p(α) ≥ 0. We now relax the constraint on the symme-
try between the two arms in the autocorrelation mea-
surement, and label (1, 2) respectively the reflected
and transmitted beams. Each of those beams is sent
to a detector which can be different from the other one
and the beamsplitter prior to detection is allowed to
be unbalanced with coefficients r/t. Using the trans-
formation rules for a coherent state on a beamsplitter,
it is straightforward to express the probabilities of in-
terest as an integral of the probabilities of singles for
appropriate coherent states
Ps1(ρcl) =
∫
p(α)Ps1
(√
rα
)
d2α
Ps2(ρcl) =
∫
p(α)Ps2
(√
tα
)
d2α
Pc(ρcl) =
∫
p(α)Ps1
(√
rα
)
Ps2
(√
tα
)
d2α.
Instead of the autocorrelation which is a ratio of two
quantities, we focus on the difference
D(ρcl) = Pc(ρcl)− Ps1(ρcl)Ps2(ρcl)
=
∫
p(α)Ps1
(√
rα
)
Ps2
(√
tα
)
d2α
−
∫
p(α)Ps1
(√
rα
)
d2α
∫
p(α)Ps2
(√
tα
)
d2α,
Note that D < 0 implies g(2)(0) < 1. Upon inserting∫
p(β)d2β = 1 in Pc(ρcl) and relabelling the dummy
variable α↔ β in some of the terms we get
D(ρcl) =
1
2
∫
d2α p(α)
∫
d2β p(β)(
Ps1
(√
rα
)− Ps1 (√rβ)) (Ps2 (√tα)− Ps2 (√tβ))
We thus obtain that if the functions Ps1/2(α) are in-
creasing with |α|2, then D(ρcl) ≥ 0 ⇔ g(2)(0)ρcl ≥ 1,
which entails the validity of our witness even in the
non-symmetrical case.
8.2 On the estimation of the average number
of runs
We introduce a formalism to deal with the issue of
finding a proper probability distribution for the num-
ber of runs. We write the sequence of measure-
ments as a list of zeros and ones, binary stochastic
results corresponding respectively to χmes > χ0(N)
and χmes ≤ χ0(N). It illustrates the situation where
an experimenter computes χ after each measurement
(or alternatively after each set of m measurements)
and decides if he carries on with the measures (“0”)
or stops because the results are already satisfactory
(“1”). Ideally what we would like to have is the proba-
bility P (n) = P (0, 0, ..., 1︸ ︷︷ ︸
n
) to reach the required statis-
tics after exactly n runs. Unfortunately, obtaining
this “true” probability numerically represents a com-
putational challenge. What we output from our simu-
lation Pstop(N) is the probability to get a one at N th
position regardless of the preceding sequence. Let’s
compare the “cumulative distributions”
∑
n≤N
P (n) = P (1) + P (0, 1) + ...+ P (0, ..., 0︸ ︷︷ ︸
N−1
, 1)
P (1) =
∑
i2,...,iN
P (1, i2, ..., iN ) where ik ∈ {0, 1}
= Pstop(N)−
∑
i2,...,iN−1
P (0, i2, ..., iN−1, 1)
+
∑
i2,...,iN−1
P (1, i2, ..., iN−1, 0)
P (0, 1)−
∑
i2,...,iN−1
P (0, i2, ..., iN−1, 1)
= −
∑
i3,...,iN−1
P (0, 0, i3, ..., iN−1, 1)
+
∑
i3,...,iN−1
P (0, 1, i3, ..., iN−1, 0)
...∑
n≤N
P (n) = Pstop(N) +
N−2∑
n=0
P (0, ..., 0︸ ︷︷ ︸
n
, 1, in+2, ..., iN−1, 0).
Therefore Pstop(N) ≤
∑
n≤N P (n). We would like to
translate it into an information on the expectation
values. Let us switch to a continuous viewpoint and
introduce functions f and g standing for the cumu-
lative distributions, with ∀x g(x) < f(x) (thus g and
f replace the Pstop and
∑
n≤N P (n) of the previous
paragraph). We write the expectation values differ-
8
ence and integrate by part∫ M
0
xf ′(x)dx−
∫ M
0
xg′(x)dx = M [f(M)− g(M)]
−
∫ M
0
(f(x)− g(x))︸ ︷︷ ︸
>0
dx.
We need to know how the first term behaves when
M → ∞. We haven’t find a rigorous way to prove
that it vanishes but we notice M [f(M) − g(M)] <
M [1 − g(M)], which we reasonably assume stays fi-
nite based upon the numerical simulations. The latter
indeed reveals that N Ô−→ N (1− Pstop(N)) shows a
decreasing tendency after a given N . From this we
deduce 〈N〉 ≤∑n ndPstopdn .
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CHAPTER 4
GENUINE ENTANGLEMENT IN MULTI-PARTITE
PHOTONIC SYSTEMS
Entanglement between several optical paths sharing a single photon, often called
path-entanglement, is one of the simplest forms of entanglement to produce. In-
deed, simply sending a single photon on a beam splitter creates such entanglement.
Interestingly, path-entanglement is also an appealing resource for long-distance
quantum communication. Photon loss increases exponentially with the distance
and quantum communications thus requires the use of quantum repeater archi-
tectures for distributing bi-partite entanglement efficiently in the presence of loss.
They require the creation and storage of entanglement in small-distance links and
subsequent entanglement swapping operations between the links. Quantum re-
peater architectures with path-entangled states are less sensitive to memory and
detector efficiencies compared to architecture based on standard polarisation en-
tanglement [37]. Following these ideas, much work has been done in order to
distribute, store and purify path-entangled states [38, 39, 40, 41, 42, 43, 44].
Recently, theoretical efforts have been devoted to the extension of quantum
repeaters to 2D networks, where multi-partite entanglement can be distributed
between arbitrary nodes and used for advanced communication protocols [45]. It
has been suggested that single photon path-entangled states could be useful for
implementing these 2D networks [47], as multi-partite entanglement can easily be
generated with a single photon incident on a multiport coupler. Several witnesses
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of genuine entanglement have been proposed for characterizing multiple path en-
tangled states but they are either not robust against losses or require different
settings for each party, hence making the implementation complicated.
We thus propose a witness of genuine entanglement which is robust against losses
and only uses collective observables. This witness only requires simple operations,
which are displacement operations with the same settings for each path, and single
photon counters which can even be lossy. We show that an initial proof of prin-
ciple aiming to demonstrate genuine entanglement across multiple paths could be
performed with a single CCD camera.
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In this chapter, we describe the work done towards the demonstration of genuine
entanglement in a photonic W state. This represents ongoing work with an ex-
periment to be performed.
We show in Fig. 4.1 a schematic of our proposal. An SPDC source is used to
create single photons which are distributed through many paths. In the case of a
evenly distributed perfect single photon the resulting state is a W state, written
as
|WN〉 = 1√
N
(|10.....0〉+ |01.....0〉+ ...+ |00.....01〉) (4.1)
where N is the number of paths. We first consider that each path contains at
most one photon. We then go beyond this restriction and take into account the
possibility of having an arbitrary photon number for each path.
SPDC
!
CAM
ERA
Figure 4.1: Schematic representation of the envisioned experiment. A heralded
SPDC source produces almost single photons which are sent to different paths
and then measured by a displacement operation and a single photon detector,
which corresponds to one pixel of the camera in this case.
4.1 Witnessing entanglement for qubits
We focus on the scenario shown in Fig. 4.1. We restrict ourselves to collective
measurements Jˆα
Jˆα =
1
2
N∑
i=1
σ(i)α , (4.2)
where the σ
(i)
α are realized on mode i with single photon detectors (non photon
number resolving detectors) and small displacement operations D(α) = eαa
†
i+α
∗ai
and they thus take the form
σ(i)α = D(α)
†(2 |0〉 〈0| − 1)D(α) (4.3)
if one assigns the outcomes +1 when the detector does not click and -1 if it clicks.
These measurements correspond to perfect σz measurements when α = 0 and
noisy Pauli measurement for α 6= 0 [48]. We first consider that the measured state
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lives in a qubit space for each mode and use the notation ρ∩ini≤1. We consider the
following operator
W¯N =
(
Jˆ0 −
(
N
2
− 1
))2
− Jˆ2 (4.4)
where Jˆ2 = Jˆ2α + Jˆ
2
iα + Jˆ
2
0 . A state which is close to the |WN〉 state will achieve a
minimum value for 〈W¯N 〉. In order to make this witness suitable for experiments,
we consider the case where the phase of the displacement is random between two
runs but well controlled between each of the modes. The corresponding witness is
then
WN =
N∏
i
eiφa
†
iaiW¯N
N∏
i
e−iφia
†
iai (4.5)
where one takes the average over φ. We thus look for the minimum expectation
value wPPT =
∫
1
2pi
dφ〈WN 〉 which a bi-separable state with respect to the PPT
criteria can achieve. At this point, this witness gives us bounds which are not
robust against losses, since a bi-separable state can achieve an overlap of 1− 1
N
with
the state |WN〉. In such an experiment, however one can also access the probability
to get one photon in each mode 1− P0. The knowledge of this probability allows
us to derive bounds which are much more robust against losses. The precise
knowledge of this probability will then be a crucial point in order to determine
the bi-separable bounds of WN . In order to compute the separable bound of WN
that we call wPPT , we run the following semi definite program (SDP)
wPPT = min
ρ∩ini≤1
∫
1
2pi
dφTr(WNρ∩ini≤1)
s.t
ρ∩ini≤1 ≥ 0
Tr(ρ∩ini≤1) = 1
ρTi∩ini≤1 ≥ 0
Tr(ρ∩ini≤1 |0〉 〈0|) = P0.
The 2 first conditions ensure that ρ∩ini≤1 is a physical state, the third one ensures
that ρ∩ini≤1 has a positive partial transpose with respect to all bipartitions and
the last one comes from the knowledge of P0. Note that in order to speed up our
computation we apply the randomisation of the phase on ρ, which is the variable
in the above program. We next want to compare this bound to the expectation
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value achieved by a physically relevant state and thus consider the target state
ρT = η |WN〉 〈WN |+ (1− η) |0〉 〈0| (4.6)
which corresponds to a W state experiencing some losses. We define wN =
Tr(WNρT ). If wN < wPPT then one can conclude about genuine entanglement.
We then perform a minimization of wN −wPPT over the setting α in order to find
the violation of our witness for the target state ρT . We plot in Fig. 4.2 wN −wPPT
with respect to the efficiency for different path number N . Note that at this stage,
our witness can already be used to witness genuine entanglement for a spin W state
and is very robust against losses.
N=2
N=3
N=4
N=5
0.2 0.4 0.6 0.8 1.0- 0.8
- 0.6
- 0.4
- 0.2
0.0
Efficiency
Figure 4.2: wN − wPPT with respect to the efficiency for a W state experiencing
losses .
4.2 Witnessing entanglement for arbitrary dimen-
sions
Let us now generalize our analysis to include the case where each subsystem is no
longer restricted to qubits. We have shown how one can compute the maximum
expectation value of the operator WN over all biseparable states which reside in a
N qubit space. We now want a bound for the part of the state which lives outside
of the N qubit space. This eventually depends on the probability to be outside
this space. In the present case, the probability to have strictly more than one
photon in a given mode is called P2. One can always write WN as
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WN =
(
A B
B† C
)
, where A refers to an observable in the N qubit space, C
represents the part outside the qubit space and B the coherence between this two
spaces. The same description holds for an arbitrary density matrix ρ,
ρ =
(
ρ∩ini≤1 b
b† c
)
. The parts are now arranged such that
Tr(ρWN ) = Tr(ρ∩ini≤1A) + Tr
(
b†B + bB†
)
+ Tr(cC) . (4.7)
We want to find the minimum expectation value of WN that a biseparable state
can achieve. Since we are interested in the case where P2 is small, the elements
inside b and c are small. We thus bound the terms Tr
(
b†B + bB†
)
and Tr(cC) by
computing their minimum contribution on all possible quantum states. A bound
on the last term is simply given by
Tr(cC) ≥ λminP2 (4.8)
where λmin is the minimum eigenvalue of WN . The derivation of the bound for
the second terms is detailed in Appendix A, and give us
Tr
(
b†B + bB†
) ≥ −√P2(1− P2)|bmax| (4.9)
where bmax denotes the highest singular value of B. We end up with
Tr(ρWN ) ≥ Tr(ρ∩ini≤1A)− 2
√
P2(1− P2)|bmax|+ λminP2. (4.10)
We computed on the previous section the minimum value that Tr(ρ∩ini≤1A) can
take when ρ∩ini≤1 is a bi-separable state: wPPT . If ρ is bi-separable in the qubit
subspace, it thus has to follow
Tr(ρWN ) ≥ wPPT − 2
√
P2(1− P2)|bmax|+ λminP2 (4.11)
which is a witness of genuine entanglement without assumption on Hilbert space
of the tested state.
4.3 Proposed setup
We now present a physical model for the setup of Fig. 4.1. First we consider a
SPDC source generating a two mode squeezed vacuum state, and where a single
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photon detector with efficiency 1 − R2h is used in order to herald a photon in a
first mode. Conditioned on a click on the heralding detector, the state before the
beam splitter is given by [48]
ρh =
1−R2hT 2g
T 2g (1−R2h)
(ρth(n¯ =
R2hT
2
g
1− T 2g
)− 1− T
2
g
1−R2hT 2g
ρth(n¯ =
R2hT
2
g
1−R− h2T − g2 ))
(4.12)
where ρth is a thermal state with mean photon number n¯, Tg = tanh(g) where g is
the squeezing parameter. A thermal state can be written in a coherent state basis
ρth =
∫
d2αP (n¯, α) |α〉 〈α| (4.13)
where P (n¯, α) = 1
pin¯
e−
|α|2
n¯ . We thus only have to consider operations on coherent
states and perform the integration (4.13) afterwards. The splitting operation can
be modelling by a N mode beam splitter with equal probabilities for each mode.
The action of such a beam splitter on a coherent state is trivial and leads to
UBS(N) |α〉 = | α√
N
〉 ... | α√
N
〉︸ ︷︷ ︸
Ntimes
. The last step is to compute the expectation value
of Jˆα and Jˆ
2
α in order to compute the value of the witness. This gives
Jˆ2α = (
1
2
N∑
i=1
σ(i)α )
2 =
1
4
(
N∑
i=1
I+N(N − 1)σ(i)α σ(j)α )
where one can evaluate the expectation of σ
(i)
α σ
(j)
α on a coherent state using
x
a†a
2 |α〉 = e− (1−x)|α|
2
2 |√xα〉 . (4.14)
We thus have a witness of genuine entanglement that is suitable for physically
relevant situations. For an estimate of the resources required to show a violation,
we now perform a statistical analysis.
4.4 Statistics
The aim of this section is to compute the required number of runs in order to
estimate the quantity S = 〈WN 〉+2
√
P2(1− P2)|bmax|−λminP2−wPPT . If S < 0
then one can conclude about genuine entanglement to a statistically significant
level. The key quantity is thus the variance of an estimator of S. We compute
the variance of different estimators, one for each terms of S, with details given
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in Appendix B. The quantities in S are functions of P1, P2 and 〈WN 〉, which we
estimate with n1, n2 and nwit runs respectively. We require that the violation of
the witness is larger than 3 standard deviations of our estimator ξ(S) to guarantee
statistically significant results. Thus we want to find n1, n2, nwit satisfying
S + 3
√
var(ξ(S)) < 0. (4.15)
For concreteness, we focus on some experimentally relevant parameters, where the
efficiency of the heralding process is 0.1, the probability to have a pair of photon in
the initial SPDC process is tanh(g)2 = 0.01 and the efficiency of the splitting and
the measurement process is 0.3. Note that for the case N=2, we have to consider a
smaller probability to have a pair in order to observe a violation. So for N = 2 we
take tanh(g)2 = 0.001. We summarize the result in the following table, by fixing
the number of runs to evaluating P1 to 1 million, and then find the minimum n2
and nwit which satisfies (4.15).
N nwit n1 n2
2 0.3M 1M 0.3M
3 0.1M 1M 0.1M
4 0.8M 1M 0.1M
5 1M 1M 0.1M
4.5 Conclusion
We have developed a witness of genuine entanglement which is tailored to a given
experiment. It is very robust against losses and it only requires collective mea-
surement. We carefully simulate the experiment and show that the demonstration
of genuine entanglement for several modes can be realized in a simple photonic
setup.
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CHAPTER 5
MACROSCOPIC QUANTUM STATES OF LIGHT
Compute F |3〉 and F |1, 0〉.
Despite intuitive examples of what a macroscopic state should be, the precise
definition of what is a macroscopic quantum state have been extensively debated
over the last decade [46]. The lack of a general definition of macroscopic quan-
tumness has not prevented various measures from being proposed. Some of theses
measures only apply in specific scenarios and do not hold for all physical systems.
On the other hand, the progress on experiments now allow for the ability to ma-
nipulatCompute F |3〉 and F |1, 0〉.e larger and larger systems and the question of
the size of the system is becoming a very relevant point.
We focus on quantum optics experiments and more specifically on squeezing. Two
mode squeezed states of light can be obtained from a χ(2) non linearity and are
produced by many groups around the world. The non linearity results in corre-
lation in the photon number between the two output modes of the crystal which
can be detected with homodyne detections by means of an entanglement witness
[50, 51]. When the χ(2) crystal is seeded by coherent states and/or put in a high
finess cavity, entanglement in squeezed states can be demonstrated with a large
number of photons up to 100000. Squeezed states thus demonstrate quantum fea-
tures in a large system, which naturally raises the question of whether squeezed
states have macroscopic quantum features. Actually, squeezed states are one of
the basic ingredients together with conditional detection [49, 52, 53, 54] for ex-
ploring quantum effects in many photon states and create the so-calledCompute
F |3〉 and F |1, 0〉. photonic Schroedinger cat state [56, 57, 55].
59
Macroscopic quantum states of light
Among the many criteria for quantifying the macroscopicity of a quantum state
[46], only a few of them are suited for two mode squeezed states [58, 59]. However,
they are either specifically tailored for this class of states and do not give a satis-
factory measure for other states, or they do not respect mode additivity which is
a necessary features of a macroscopic measurement.
We thus propose two macroscopic measures which are suited for two mode squeezed
states by extending two different existing measures. From these measures, we give
lower bounds on the size of two-mode squeezed states which can be accessed ex-
perimentally. We apply these results to existing experiments and report on the
size of the corresponding states.
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In recent years, there has been an increased interest in the generation of superpositions of coherent states with
opposite phases, the so-called photonic Schrödinger cat states. These experiments are challenging, and, so far, cats
involving only small photon numbers have been implemented. Here, we propose to consider two-mode squeezed
states as examples of Schrödinger cat-like states. For this, we apply criteria that aim to identify macroscopic
superpositions in a more general sense. We extend some of these criteria to the two-mode continuous variable
regime. Furthermore, we compare the size of states obtained in several experiments and discuss experimental
challenges for further improvements. Our results not only promote two-mode squeezed states for exploring quan-
tum effects at the macroscopic level but also provide direct measures to evaluate their usefulness for quantum
metrology. © 2015 Optical Society of America
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1. INTRODUCTION
The question of what is a macroscopic quantum state has
received a lot of attention over the last decade [1–17]. The
motivation is not to address a new question, as it dates back
from the early days of quantum theory [18], but rather comes
from the experimental progress, which now allows one to har-
ness large systems while highlighting their quantum nature.
Quantum optics experiments reporting on squeezing opera-
tions provide a nice example. They are obtained from a χ2
nonlinearity and can result in largely entangled states. The en-
tanglement can be further detected with homodyne detections
by means of the Duan–Simon criterion [19,20]. When the χ2
nonlinearity is seeded by coherent states and/or embedded in
a high finesse cavity, entanglement in squeezed states can be
demonstrated with a large number of photons [21–29]. This
naturally raises the question of whether squeezed states have
macroscopic quantum features, which is a question of deep rel-
evance because, thus far, squeezed states have been combined
with conditional detections [30–36] for exploring quantum
effects in many photon states.
In the literature, there exist different criteria for quantifying
the macroscopic quantumness [3–14]. Typically, this includes a
definition that assigns a number to a quantum state, which is
here called effective size (or simply size). These criteria can be
grouped into two categories. The first addresses the question
of whether a two-component superposition jϕ0i  jϕ1i is
macroscopic, i.e., whether jϕ0i and jϕ1i are macroscopically dis-
tinct. For example, the proposal of [8] states that two spin states
are macroscopically distinct if they can be distinguished from a
small number of their spins, as a dead cat and a live cat can be
distinguished from a small number of their cells. We also can
refer to the proposals of [13,37] defining two states as being
macroscopically distinct if they can be distinguished with a
coarse-grained measurement, as a dead cat and a live cat can
be distinguished with a detector having a very limited resolu-
tion. The second category aims to identify quantum states that
are able to show some kind of macroscopic quantum effect. This
term characterizes experimental evidence that cannot be ex-
plained by an accumulated quantum effect originated at the
microscopic level of the system. For pure states, a large variance
with respect to given observables and Hamiltonians is a suffi-
cient signature for quantum fluctuations that are persistent on
a macroscopic level. For mixed states, one typically uses a con-
vex function that reduces to the variance for pure states. For
example, the proposal of [11] shows how the notion of macro-
scopicity can be linked to the so-called quantum Fisher
information [38].
Not all of these measures are able to correctly handle two-
mode squeezed states for different reasons. Thus far, only the
contributions [7,10,39] explicitly treat two-mode squeezed vac-
uum. This is valuable, but these criteria also leave open
questions, which are discussed in more detail in the course
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of this paper. In short, Cavalcanti and Reid [7,39] propose a
bound to measure the size of a two-mode squeezed state, which,
however, does not give satisfactory answers to nonsqueezed
states. This drawback is compensated by Lee and Jeong
[10], but the mode additivity of their measure remains
problematic.
In this paper, we aim to reinforce arguments in favor
of assigning a macroscopic quantum nature to two-mode
squeezed states. For this, we extend existing measures for mac-
roscopic quantum states [13,40] to be able to investigate
two-mode, continuous variable (cv) quantum states. Apart
from avoiding problems that appeared in previous attempts
[7,10,39], this broadens the range of arguments supporting
the macroscopic quantumness of a two-mode squeezed vac-
uum. Importantly, we prove that the effective size of two-mode
squeezed vacuum states (with N mean photons) is basically the
same as superpositions of coherent states with opposite phases
jαi  j − αi and jαj2 tanh jαj2  N but with the great advan-
tage that they are much easier to create [41]. The tools we
propose allow one to bound the size of states obtained exper-
imentally as well as their usefulness for parameter estimation
beyond the classical limit. Aside from a fundamental interest,
our results ultimately have important applications for quantum
metrology. Furthermore, we discuss the impact of noise and
technical limitations that cumber the verification of macro-
scopic quantumness of two-mode squeezed states. Finally,
we use data from some performed experiments [21–29] to
lower-bound the effective size achieved thus far.
2. TWO-MODE VACUUM SQUEEZED STATES
As an example of two-mode squeezed states, let us consider the
two-mode squeezed vacuum, which is obtained from a para-
metric process in which photons from a pump laser decay spon-
taneously into photon pairs—one in mode 1, its twin in mode
2—while preserving energy and momentum. The correspond-
ing propagator Sg  ega1a2−a†1a†2, with squeezing parameter g,
applies straightforwardly on the vacuum if written in the
normal order. This results in
jψ tmsi  1 − tanh2 g12etanh ga
†
1a
†
2 j00i: (1)
The mean photon number in both modes is N 
2 tra†1a1jψ tmsihψ tmsj  2 sinh2 g . Furthermore, the variance
of the observable X φ1 − X
ϕ
2 where X
θ
i  1ﬃﬃ2p aieiθ  a†i e−iθ is
given by
V ψ tmsX φ1 − X ϕ2   cosh 2g − sinh 2g cosφ ϕ: (2)
This indicates that the quadratures X 01 − X
0
2 are correlated
whereas X π∕21 − X
π∕2
2 are anticorrelated. The quantum nature
of these correlations can be revealed through the Duan–
Simon criterion [19,20], which states that, for any bipartite
separable states and any real parameter a,
V sep

jajX ϕ1 
1
a
XΦ2

 V sep

jajX ϕ 01 −
1
a
XΦ
0
2

> a2hX ϕ1 ; X ϕ
0
1 i 
1
a2
hXΦ2 ; XΦ
0
2 i
≥ 2 for ϕ − ϕ 0  Φ −Φ 0  π
2
; (3)
while for a two-mode squeezed state,
V ψ tmsX 01 − X 02  V ψ tmsX
π∕2
1  X π∕22   2e−2g :
The questions at the core of this paper are as follows: How do
we evaluate the size of these kinds of states? Is their effective size
comparable with other photonic states?
3. MACROSCOPIC QUANTUMNESS OF
TWO-MODE CV STATES
A. Macroscopic Distinctness for cv States
While several definitions have been proposed to identify states
that are macroscopically distinct [5,8,9,13], here we focus on
the proposal of [13] based on coarse-grained measurements.
This choice is arbitrary to some extent. Note, however, that
the extension that we propose below easily applies to the mea-
sure of [8]. The extension of measures of [9] to two-mode
squeezed states is less obvious, as they primarily address spin
systems, but the link between measures for spins and photons
presented in [17] might be the way to proceed.
The basic principle of the measure of macroscopicity based
on coarse-grained measurement is simple. It can be seen as a
game where Alice chooses a state in the set fjϕ0i; jϕ1ig with
equal a priori probabilities and sends it to Bob. Bob has to guess
which one has been sent using a coarse-grained measurement
only. It can be any measurement, provided that its resolution is
limited. The quantum superposition state jϕ0i  jϕ1i is quali-
fied macroscopic if Bob wins the game with a detector having
no microscopic resolution. Concretely, if one focuses on a noisy
photon-counting detector, for example, the size of jϕ0i  jϕ1i
is characterized by the noise that one can tolerate to distinguish
jϕ0i and jϕ1i.
To extend this measure to cv states, we can mimic its origi-
nal idea by introducing a 50/50 binning of measurement out-
comes. For a two-mode squeezed vacuum state in particular,
Alice measures her mode with a given quadrature and bins
the result with respect to its sign. As Alice’s measurement is
assumed to be accurate, this binning corresponds to equiprob-
able projections onto two orthogonal subspaces of the mea-
sured state. Bob has to guess whether she received a positive
or negative outcome by measuring his mode with a noisy
measurement. The distinguishability of components that Bob
receives is again given by the noise that can be tolerated to win
the game. Note that the measurement of correlated quadratures
maximizes the probability to correctly guess Alice’s outcome.
Concretely, the probability that Alice obtains the result x1
and Bob x2 knowing that they measure the quadratures X 01
and X 02 is given by jpx1; x2; σj2  trjψ tmsihψ tmsj
δX 01 − x1gσX 02 − x2, where gσ stands for the noise of
Bob’s measurement device. We assume that gσ is a Gaussian
with spread σ and zero mean. Hence, the probability that Bob
correctly guesses the sign of Alice’s result is given by Pguessσ R∞
0 jpx1; x2;σj2dx1dx2
R
0
−∞ jpx1; x2;σj2dx1dx2. We find
Pguessσ  1
2
 1
π
arctan

sinh 2gﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2σ2 cosh 2g
p : (4)
We can access the maximum noise σmax that Bob can tolerate to
win the game with a fixed probability Pguessσ by inverting the
previous formula:
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σmax 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−1  N 12  N cotan212 − Pguessσ 
2 2N
s
: (5)
For comparison, the noise that can be tolerated to win a similar
game with the optical Schrödinger cat state j↑ijαi − j↓ij − αi
is given by
σmax 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jαj2
erf −1Pguessσ 2 −
1
2
s
:
In both cases, the noise scales like the square root of the photon
number. Thus, we claim that two-mode squeezed vacuum and
Schrödinger cat states exhibit comparable macroscopic
quantumness. In some sense, they belong to the same class
of macroscopic quantum states.
Let us now focus on practical considerations. The observa-
tion that Alice and Bob’s x quadratures of the two-mode
squeezed vacuum state are “macroscopically” correlated
(correlated at a large scale, larger than the detector’s resolution)
is at the heart of our generalization of the coarse-grained mea-
sure. These correlations can be revealed by measuring the joint
probability distribution jpx1; x2; 0j2 with accurate quadrature
measurements. (For simplicity, we introduce px1; x2 
px1; x2; 0, which stands for the probability amplitudes with-
out noise.) Although this approach is sufficient to measure the
size of a given state in theory, one also has to ensure that those
correlations are truly quantum in practice. In mathematical
terms, we can always write the state that is shared by Alice
and Bob in the x basis:
ρ 
Z
px1; x2px1; x2f x1; x1; x2; x2
× jx1; x2ihx1; x2jdx1dx2dx1dx2; (6)
with
R jpx1; x2j2dx1dx2  1 and f x; x; x 0; x 0  1 ∀ x; x 0.
If the shared state is pure, we have f x1; x1; x2; x2  1
∀ x1; x1; x2; x2, and the correlations revealed through the prob-
ability distribution jpx1; x2j2 are fully quantum. The viola-
tion of the Duan–Simon criterion is then sufficient to attest
to the quantum nature of the state for which the size is evalu-
ated through σmax. But how do we certify in practice that the
function f x1; x1; x2; x2 is close to one, at least in a
certain range?
To do so, we consider the effect of imperfect coherences
(decoherence) f x1; x1; x2; x2 ≠ 1 on the observed violation
of the Duan–Simon witness. Note first that the variance
V X 01 − X 02 can be directly obtained from jpx1; x2j2. For
the second term required in Eq. (3), we can show that the
variance in the presence of decoherence (see Appendix A),
V X
π
2
1  X
π
2
2  V

X
π
2
1  X
π
2
2

jideal − h∂x1−x1  ∂x2−x22f i;
equals the ideal-case variance V X
π
2
1  X
π
2
2jideal plus a factor
containing the crossed and second derivatives of f
h∂x1−x1f x1; x1; x2; x2i
R
dx1dx2jpx1; x2j2∂x1−x1f x1; x1;
x2; x2jx1x1 , etc. Because V X
π
2
1  X
π
2
2jideal is positive, we
obtain the following upper bound on the observed variance:
−h∂x1−x1  ∂x2−x22f i ≤ V

X
π
2
1  X
π
2
2

: (7)
Note that, without further assumptions, we cannot bound the
range δ for which f x1; x1  δ; x2; x2  δ stays close to one.
In other words, even if the state of Alice and Bob largely violates
the Duan–Simon witness, the state can be arbitrarily close to a
separable one, and px1; x2 essentially correspond to
classical correlations [42]. However, under the assumption
of a Gaussian decay of coherence f x1; x1; x2; x2 
e−x1−x12∕2γ21e−x2−x22∕2γ22, Eq. (7) becomes 1γ21
 1γ22≤
V

X
π
2
1X
π
2
2

. This implies minγ1;γ2≥ 1∕
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V

X
π
2
1X
π
2
2
r
,
i.e., if one observes the variance V ψ tms

X
π
2
1  X
π
2
2

of the total
momentum, we can certify that the correlations jpx1; x2j2 are
quantum at least in the range
xC 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V ψ tms

X
π
2
1  X
π
2
2
r : (8)
Accordingly, if the coherence range xC is lower than the corre-
lation range, as witnessed by σmax, one can only claim that the
state exhibits quantum correlations within the range xC , which
is then the true size of the state. Revealing the size of large
quantum states thus requires us to reveal narrow variances,
which becomes increasingly difficult as the size increases (see
Section 4).
B. General Measures for Multimode cv States
Beside measures for macroscopic distinguishability, there have
been recent proposals that aim to go beyond the basic structure
jϕ0i  jϕ1i [4,6,10,11]. While the measures of [4,6,11] were
originally defined for spin systems, the definition of [10] is di-
rectly suitable for cv photonic states. For pure states, these three
proposals are comparable because a state jψi is called macro-
scopically quantum if it shows a large variance with respect to a
restricted class of operators. In the spin case, the proposals
[4,6,11] focus on sums of local operators (henceforth simply
called “local operators”), whereas Lee and Jeong [10] define
their measure for pure states proportional to V X 0 
V X π∕2. In [17], it was argued that local operators in the spin
case play to some extent the same role as quadrature operators
in mono-mode photonic systems.
The common feature of the proposals for mixed states is that
the measures [4,6,10,11] are convex in the state, which is an
important and natural feature for the present purpose. There
are no clear arguments in favor of one of the proposals.
Nevertheless, we focus here on the quantum Fisher information
(QFI) [38], which is denoted as F ρX  for the state ρ and the
operator X . Importantly, the QFI is the convex roof of the vari-
ance [43,44] (up to a factor four); that is, it is the largest convex
function that reduces to the variance for pure states. For experi-
ments, it is interesting to note that there exist lower bounds on
the QFI based on measurable quantities [45].
The extension to photonic states with n > 1 modes is
not straightforward. Indeed, a multimode version for the
measure of Lee and Jeong was proposed [10]. However, it is
additive and, hence, a bunch of “kitten states” jψαi⊗n ∝
jαi  j − αi⊗n (with potentially small α but large n) is as
macroscopically quantum as a “big” single cat state
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jψ ﬃﬃnp αi ∝ j ﬃﬃﬃnp αi  j − ﬃﬃﬃnp αi. Here, we propose instead to use
a similar account that has been successfully applied in the spin
case [4,6,11]. The idea is that the effective size of a product
state is the average value of its components, while entangled
states should be able to profit from quantum correlations be-
tween the modes. Both requirements are achieved by defining
the effective size for ρ as
N eff ρ 
1
2n
max
θ
F ρX θ; (9)
where X θ  Σni1X θii . In other words, one maximizes the QFI
(or the variance for pure states) with respect to sums of local
quadrature operators parametrized by θ  θ1;…; θn. The ex-
amples from above then lead to N eff jψαi⊗n  4jαj2∕1
exp−2jαj2 and N eff jψ ﬃﬃnp αi  4njαj2∕1  exp−2njαj2
(compare to [46]).
We now come to the evaluation of the effective size for the
two-mode squeezed vacuum state. It is simple to see that the
variance is largest for the quadratures that are maximally corre-
lated. For the state in Eq. (1), these are the operators X 01  X 02
and X π∕21 − X
π∕2
2 . The effective size for each of these choices
reads N eff ψ tms  V X 01  X 02  e2g ≈ 2N , which is ap-
proximately half of the value as for the cat state with the same
photon number, N eff jψαi ≈ 4N . Again, we conclude that
two-mode squeezed states are compatible with photonic cat
states.
In principle, the effective size of a pure state could be de-
termined by witnessing a large variance for sums of quadrature
operators. However, for mixed states, a large variance is not suf-
ficient. Instead, one has to verify a large value of a convex func-
tion like the QFI. Since this quantity is typically only accessible
through a full state tomography, one has to find other means to
estimate it. Recently, a general lower bound on the QFI has
been found [45]. It was shown that, for any quantum state
ρ and any pair of operators A, B, it holds that
V ρAF ρB ≥ hiA; Bi2ρ, which is a tighter version of the
Heisenberg uncertainty relation. Here, we use this inequality
to bound the QFI from below. For B  X 01  X 02, we set A 
X π∕21  X π∕22 and find iA; B  −2. Hence, one has
N eff ρ ≥
1
V ρX π∕21  X π∕22 
: (10)
For the two-mode squeezed state, the anticorrelations between
X π∕21 and X
π∕2
2 lead to a reduced variance and therefore to a
potentially large value of N eff .
Note that Eq. (10) [as well as Eq. (8)] resembles the ideas of
[7,39] for a generalized notion of macroscopic quantum coher-
ences. However, in these works, solely the bound in Eq. (10) is
used, which restricts one to investigate squeezed states. In con-
trast, we use this expression only to give a bound on the def-
inition in Eq. (9), which also can deal with nonsqueezed states.
Hence, our measure is general enough to compare two-mode
squeezed states with other states such as cat states.
4. ON THE DIFFICULTY TO CERTIFY THE
QUANTUM NATURE OF TWO-MODE SQUEEZED
STATES
The common feature of measures for macroscopicity presented
before is the requirement to reveal narrow variances, especially
when dealing with large size states. How difficult is it in prac-
tice? To answer this question, we consider the effect of various
experimental imperfections on the observed variance
V ψ tmsX
π∕2
1  X π∕22 .
1. Consider first a noise along X 0 that acts on a state ρ as
ρ↦
R
dλhλeiXˆ 0λρe−iXˆ 0λ with characteristic function (noise
distribution) hλ of variance Δ2h. The effect of this noise
can be directly absorbed in the statistics of the momentum dis-
tribution and leads to the following modification of the
variance V X π∕21 X π∕22 ↦V X π∕21 X π∕22 Δ2h1Δ2h2.
Therefore, if the experimental setup suffers from such a noise,
we cannot certify the state of an effective size larger
than Nmaxeff  1Δ2h1Δ2h2.
2. Similarly, consider a loss channel with transmission η. It
leads to V X π∕21  X π∕22 ↦ηV X π∕21  X π∕22   1 − η, and
the maximal certifiable size is given by Nmaxeff  11−η.
3. Now consider a phase noise characterized by the
variance Δφ2  R pφφ2dφ. It increases the observed vari-
ance according to V X π∕21  X π∕22  ≥ Δφ2hX 01i  hX 02i.
Specifically, for the two-mode squeezed state, one has
Nmaxeff ψ tms  1Δφ22 sinh2g1 , which decays exponentially
with the squeezing parameter (in the limit of large enough g).
An experimental issue for the detection of highly squeezed
states is the size of the local oscillator jαi (LO) used for homo-
dyne detection. On the one hand, the mean total photon num-
ber N  jαj2 has to be smaller than some value Dth in such a
way that the detectors are not saturated. On the other hand, α
has to be large enough in order to be a good phase reference
because a limited size of the LO is similar to a phase noise. Let
us show this quantitatively. In a homodyne measurement, the
system is mixed with the LO on a balanced beam splitter with
the phase θ. The quadrature is accessed via the difference in the
mean photon number of the two outputs of the beam splitter
I 1−I 2
jαj . While for the mean of any quadrature, this is exactly given
by
D
I 1−I 2
jαj
E
 hX θi, for the second moment
D
I 1−I22
jαj2
E

hX 2θi  ha
†ai
jαj2 , this correspondence with the measured result
is not exact. Accordingly, for a finite size of the local
oscillator, the observed variance is bounded by
V X π∕21  X π∕22  ≥ 4 sinh
2g
jαj2 . Because the size of the LO is lim-
ited by the detector saturation threshold
jαj2 ≤ Dth − 2 sinh2g, one has Nmaxeff ψ tms  Dth−2 sinh
2g
4 sinh2g .
In each case, we clearly see that it becomes increasingly dif-
ficult to observe narrow variances with two-mode squeezed
states as their size increases. This is in agreement with recent
results [47–50] stating that it is difficult to observe the quan-
tum nature of macroscopic states.
This naturally raises the question of the size of states that can
be observed in practice. Note that Eqs. (8) and (10) are general,
i.e., the variance along the conjugate of quadratures that are
maximally correlated gives a bound on the size of the measured
state. We use experimental data obtained in various setups in
which the χ2 nonlinearity is either seeded or embedded in a
cavity [21–24,27,28] to bound the effective size of the pro-
duced states (see Fig. 1). All these experiments have in common
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that the Duan–Simon criterion is used to reveal entanglement
and the photon number is large. We clearly see that their ef-
fective size cannot be compared with their mean photon num-
ber. In the seeded case, the reason is that the seed increases the
photon number but does not change the variance. Similarly
with a cavity, the photon number can be large even if the gain
slightly dominates the loss provided that the cavity finesse is
large but the variance of interest is limited by the ratio between
the gain and the loss only (see Appendix B). Interestingly, the
results presented in Fig. 1 can be used directly to quantitatively
estimate the metrological usefulness of states realized experi-
mentally, as the size N eff gives the QFI through the formula
in Eq. (9).
5. CONCLUSION
We propose to consider a two-mode squeezed vacuum as being
macroscopically quantum. Our conclusion is based on the re-
sults from two measures for macroscopic quantum states
[11,13], which have been extended for the purpose of studying
two-mode cv states. It is straightforward to generalize our argu-
ment to general two-mode squeezed states. This study is in line
with former works [7,10,39], but it overcomes some of their
problems. On a quantitative level, we see that two-mode
squeezed vacuums are comparable with superpositions of co-
herent states, which are generally considered as archetypal
Schrödinger cat states. However, one should acknowledge
two advantages of the former compared with the latter:
Two-mode squeezed states are not only relatively easy to gen-
erate. The experimental verification of macroscopic quantum-
ness can be simply achieved by demonstrating strong (anti-)
correlations between the quadratures of the two modes.
Nevertheless, in agreement with previous findings [48,50],
the precise control of the entire experiment, especially of the
measurement, is imperative for showing large quantumness.
APPENDIX A: COHERENCE LENGTH OF
CORRELATION
Every two-mode state ρ can be expressed in the joint x basis:
ρ 
Z
F x1; x2; x1; x2jx1; x2ihx1; x2jdx⃗: (A1)
However, for our purpose, it is useful to make the decompo-
sition
F x1; x2; x1; x2  px1; x2px1; x2f x1; x2; x1; x2; (A2)
where we can enforce that
R jpx1; x2j2dx1dx2  1 and
f x1  x1; x2  x2  1, and consequently jf x1 ≠ x1;
x2 ≠ x2j ≤ 1. The later inequality is ensured by positivity
of ρ, i.e., if it does not hold, then there is a state αjx1; x2i 
βjx1; x2i that has a negative overlap with ρ. The decomposition
in Eq. (A2) is useful because the function f x1; x2; x1; x2
can be simply interpreted as characterizing the lack of
purity of ρ because, for a pure state jψi  R px1; x2jx1;
x2idx1dx2, it satisfies f x1; x2; x1; x2 ≡ 1.
Let us now consider the mean values of hp12i, hp212i, and
hp1p2i on the state ρ. In this appendix, we denote X 0  x and
X π∕2  p. Using the representation of momenta eigenstate in
the x basis jpi  1ﬃﬃﬃﬃ
2π
p
R
eixpjxi, one obtains
hp1i 
Z
F x1; x2; x1; x2p
e−ipx1−x1
2π
δx2 − x2dpdx⃗;
hp21i 
Z
F x1; x2; x1; x2p2
e−ipx1−x1
2π
δx2 − x2dpdx⃗;
hp1p2i 
Z
F x1; x2; x1; x2p1p2
e−ip1x1−x1
2π
×
e−ip2x2−x2
2π
dp1dp2dx⃗: (A3)
Using pne−ipΔx  i∂Δxne−ipΔx and 12π
R
e−ipx−xdp 
δx − x, a simple integration by parts allows us to rewrite
the above expressions as
hp1i 
Z
i∂x1−x1F x1; x2; x1; x2jx1x1dx1dx2;
hp21i 
Z
i∂x1−x12F x1; x2; x1; x2jx1x1dx1dx2;
hp1p2i 
Z
i∂x2−x2i∂x1−x1;
× Fx1; x2; x1; x2jx1x1 ;x2x2dx1dx2:
Those expressions allow us to use the decomposition in
Eq. (A2) to its full advantage, leading to
hp1i  hp1if ≡1;
hp21i  hp21if ≡1 − h∂2x1−x1f i;
hp21i  hp22if ≡1 − h∂2x2−x2f i;
hp1p2i  hp1p2if ≡1 − h∂x1−x1∂x2−x2f i; (A4)
with the averages h·if ≡1 being taken over the pure state jψi R
px1; x2jx1; x2idx1dx2 and
Fig. 1. Bounds on the effective sizeN eff (blue squares) of two-mode
squeezed states obtained from experimental data reported in [21–29]
using the inequality in Eq. (10). The red triangles indicate the minimal
photon number N necessary for a cat state jαi  j − αi to have the
same effective size according to Eq. (9). For example, the state reported
in [21] has a size N eff ≥ 1.2 for which one needs at least a cat state
with N ≈ 0.2 for the same size.
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hDf i 
Z
jpx1; x2j2Df x1; x2dx1dx2: (A5)
Note that, to derive these expressions, we used the fact that the
first derivatives of f are zero (because ρ is Hermitian).
The expressions in Eq. (A4) allow us to rewrite the variance
of p1  p2 in a form where the contributions of px1; x2 and
f x1; x2; x1; x2 are separated:
V p1  p2  V p1  p2f ≡1 − h∂x1−x1  ∂x2−x22f i: (A6)
Keep in mind that, for pure states, the variance V p1  p2f ≡1
is always positive. This allows us to upper bound the decay of
coherences in the x basis:
−h∂x1−x1  ∂x2−x22f i ≤ V p1  p2: (A7)
Without supplementary assumptions, local derivatives of f at
x1  x1 and x2  x2 are not sufficient to determine global
properties, such that the variances V x1 − x1 and V x2 −
x2 of f , as one can imagine irregular functions f that have
zero derivatives but arbitrarily small variance V x1 − x1
(e.g., the step function of arbitrarily small width). But assuming
a Gaussian profile for the decay of coherence allows us to draw
conclusions on the coherence width of f from the upper bound
in Eq. (A7), as we show in the main text.
APPENDIX B: QUADRATURE CORRELATIONS
FOR AN AMPLIFIER WITH LOSS
In this appendix, we derive a simple model for a two-mode
optical parametric amplification in a cavity with loss. The
amplification Hamiltonian is given by
HA  iχa†b† − ab; (B1)
with χ > 0. The loss is described by a beam splitter operating
on each mode a and b. The global process can be seen as a
sequence of alternating infinitesimal amplifiers with gain χd t
and losses with intensity transmission 1 − 2λd t. Consider an
operator of the form
Oη; μ; κ  eκeiηa†μb†eiηaμb (B2)
and propagate it through an elementary step of our process
(amplification + loss). It is easy to see that, after an infinitesimal
time step dt, the operator becomes
trlossU
†
d tOη; μ; κUdt
 Oη μχ − ηλd t;
μ ηχ − μλd t; κ − μη  μηχd t; (B3)
where we omit terms of higher order in d t in the exponent, and
the trace is there to remind us that the loss is not a unitary
evolution (the trace is taken over the vacuum modes of the
environment). Thus, during the evolution, the operator Ot 
Oηt; μt; κt keeps its form while the scalar functions sat-
isfy the system of differential equations:8<
:
_ηt  χμt − ληt
_μt  χηt − λμt
κt  −χ R t0ηsμs  ηsμsds  κ0: B4
The solution is straightforward:
ηt
μt

 exp

−λ χ
χ −λ

t

η0
μ0

;

μt
ηt

 exp

−λ χ
χ −λ

t

μ0
η0

;
κt  η0 μ0  ·
0
BB@
Z
t
0
e

−λ χ
χ −λ

2s
ds
1
CCA ·

μ0
η0

 κ0:
(B5)
Given the expression of the propagated Ot operator, one can
evaluate the quadrature statistics of an evolved state. Let us cal-
culate the following probability pxaθ; ybξ  hjxaθ; ybξihxaθ; ybξji
on an evolved state. Using
jxaθihxaθj 
1
2π
Z
dζeiζxˆ
a
θ−xdζ (B6)
xˆaθ 
1ﬃﬃﬃ
2
p ae−iθ  a†eiθ; (B7)
the projector on the quadrature eigenstates can be expressed as
jxaθ; ybξihxaθ; ybξj 
Z
dζdγ
2π2 e
−iζx−iγy
× e−
ζ2γ2
4 e
i

ζeiθﬃ
2
p a†γeiξﬃ
2
p b†

e
i

ζe−iθﬃ
2
p aγe−iξﬃ
2
p b

|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
O0
; (B8)
where the nontrivial part has the form of the operator O in
Eq. (B2) with η0  ζe
iγﬃﬃ
2
p , μ0  γe
iξﬃﬃ
2
p and κ0  − ζ
2γ2
4 .
Resolving the time evolution of Ot using Eq. (B5), one obtains
that, for the final probability (at time t),
pxaθ; ybξ 
Z
dζdγ
2π2 e
−iζx−iγyhOti: (B9)
For a coherent input states (seeds), the mean value hOti 
hα; βjOt jα; βi  eκteiαηtβμteiαηtβμt is particu-
larly simple.
A direct calculation using the formulas above gives
pxaθ; ybξ 
Z
dζdγ
2π2 e
−i ζ γ ·

x − Z α; β
y − Γα; γ

e−
ζ2γ2
4
× exp
2
64− 1
8

ζ
γ

T
·
0
B@

−1e−2tλχ
λχ −
−1e2tχ−λ
λ−χ

eiθξ

− −1e
2tχ−λ
λ−χ −
−1e−2tλχ
λχ

e−iθξ

− −1e
2tχ−λ
λ−χ −
−1e−2tλχ
λχ
 
−1e−2tλχ
λχ −
−1e2tχ−λ
λ−χ

1
CA ·  ζ
γ
375: (B10)
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The Fourier transform yields a Gaussian joint probability,
pxaθ;ybξ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃr−rp
4π
e
−14x −Z α;β y−Γα;β·M ·

x −Z α;β
y−Γα;β

;
(B11)
where r and r− are the two eigenvalues of the matrix M
given by
r− 

λ χe−2tλχ
4λ χ
−1
; (B12)
r 

λ − χe2tχ−λ
4λ − χ
−1
: (B13)
Accordingly, the joint probability pxaθ; ybξ decomposes in a
product of two Gaussians with variance Δ−  2∕r− in the
squeezed direction (decreasing with time) and Δ  2∕r
in the antisqueezed direction (increasing with time). Let us
comment on their asymptotic values for t → ∞ (limit of high
finesse) for the two different regimes:
• Below threshold λ > χ,
Δ →
λ
2λ − χΔ− →
λ
2λ χ ; (B14)
both variances saturate at constant values.
• Above threshold λ < χ,
Δ →
χ
2χ − λ e
2tχ−λΔ− →
λ
2λ χ ; (B15)
while the variance in the antisqueezed direction increases expo-
nentially with time (finesse), the squeezed width cannot be
decreased below a constant 12
1
1χ∕λ set by the quality factor
of the amplification process χλ.
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OUTLOOK
We observed some results, now it is the point where we might consider further
steps. We will elaborate on possible extensions of the work which have been done
trough this thesis.
Let us first start with extending the results obtained regarding the demonstration
of entanglement in many-body systems. Starting with bipartite entanglement, one
could first think of improving the characterisation of separable moments of collec-
tive spin observables that can identify more entangled states. Machine learning
offer a tools to estimate the separability of a collection of moments, helping us to
find a witness better suited to specific states. As of now, complete characteriza-
tion of such set of moments has be done, but without partitioning of many body
systems [60].
In the second chapter we demonstrate that Bell violation using collective observ-
able can be found in bipartite many-body systems but so far the requirements are
that one can access to single particle resolution. On the other hand the demonstra-
tion of entanglement is far less demanding, requiring only the use of low order mo-
ments of collective spin observables. One intermediate approach is to look for the
demonstration of entanglement using a device independent entanglement witness
(DIEW) [61]. As we saw in the introduction, the demonstration of entanglement
through a witness relies on the accurate description of the measurement appara-
tus which might not be verifiable in practice. The use of a DIEW relaxes this
assumption and allows for entanglement certification without assumption about
the measurement, even allowing the use of this entanglement in secure protocol.
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In the particular case of a split spin squeezed state which we consider in our pa-
per, we saw that 3 settings on both sides seems to be necessary to demonstrate
entanglement with low order moments of collective spin observable. DIEWs take
advantage of the structure of the measurement, and for two measurements, it has
been shown that measuring qubits with Pauli observables is the optimal strategy.
This gives a simple structure on which one can easily perform optimization. In the
case of three settings, it is not even clear if simplifying the measurement structure
with Pauli matrices acting on qubit is possible. Thus one would need to clarify
this question before starting to work in the direction of developing DIEWs for
bipartite many body systems which use more than two settings.
Finally, regarding the demonstration of non locality in bipartite many body sys-
tems using low order moments of collective spin observables, we focused on Bell
inequalities with many settings. Finding the exact local bound for such inequalities
can be down by listing the deterministic strategies. However this soon becomes
impossible for large inputs and outputs. Methods to find upper bounds to the local
bound have been proposed [62]. One could then use them to detect non-locality
in systems with many spins.
In the third chapter, we make a proposal for the demonstration of non classi-
cal features using the human eye. We also tested similar approaches with CCD
camera, and found that both were able to reveal quantum features. We thus tried
the demonstration of non locality using only CCD cameras, displacement oper-
ators and single photon coming from an SPDC process. We found that single
particle resolution is required for the detectors, which current cameras can not
achieve. One might consider adding a squeezing operation locally in order to cre-
ate a squeezed Fock state which has been realized in practise recently [63]. This
might increase the resolution of the measurement and thus possibly allow for the
convenient demonstration of non locality with CCD camera instead of large bulky
devices involving dilution fridge. This might even lead to a convenient and prac-
tical way to implement device independent quantum key distribution.
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In this thesis, we have presented different theoretical tools for demonstrating the
quantum features of possibly large photonic and spin systems. We devoted a
special attention to experimental realization by considering quantities which are
accessible to today’s experiments and including detailed statistical analysis in the
proposed recipes. Our aim was not only to propose experiments demonstrating
entanglement/non-locality in possibly large spin and photonic systems, but to
clarify on the requirements that the detection systems need to fulfil to detect the
quantum nature of these large systems. We saw that collective projections in
which the subsystems are measured along the same direction, does not prevent
the detection of entanglement and non-locality. Even threshold detectors with low
efficiencies can be used to reveal non-classical features of states involving many
photons. In parallel, we made steps to clarify on the meaning of large/macroscopic
when describing quantum states.
Allowing experiments on multipartite or many body systems can help clarifying
the border between classical/quantum physics. In particular, such experiments
could be used to verify predictions of novel physical theories in which quantum
theory for example is supplemented with explicite collapse mechanisms. Beside
the fundamental interest, clarifying the requirements for detecting entanglement in
multi-partite system is of central importance for certifying the proper functioning
of advanced quantum technologies. This is needed for example to detect entan-
glement between multiple network nodes and to certify that the resulting network
can be used to communicate securely. Time will tell us if the tools we proposed in
this thesis are useful in practice, but we are confident that some of them will lead
to exciting experiments in a near future.
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APPENDIX A
BOUND FOR THE TERMS OUTSIDE THE QUBIT
SPACE
Bound on Tr
(
b†B + bB†
)
Consider a finite hermitian matrix W¯ and a state ρ of the form W¯ =
(
A B
B† C
)
and
ρ =
(
a b
b† c
)
, where a and A live in a Hilbert space HA and c and C live in a
Hilbert space HC . The trace of a is equal to (1−P ) so the trace of b is equal to P.
Our aim is to find a lower bound of Tr
(
b†B + bB†
)
. We first consider the states
|ψi〉 = cos θ |χiA〉+ sin θ |χiC〉 , (A.1)
where |χiA〉 reside in HA and |χiC〉 in HC . We then evaluate the overlap between
ρ and |ψi〉
L∑
i
〈ψi| ρ |ψi〉 =
L∑
i
cos2 θ(〈χiA| a |χiA〉+ sin2θ 〈χiC | c |χiC〉
+ cos θ sin θ(〈χiC | b |χiA〉+ h.c)). (A.2)
where L = min dim(HA), dim(HC). We consider the singular value decomposition
of b, b = UDV † and choose |χiA〉 such that |χiA〉 = U |ai〉 and |χiC〉 = V |ci〉 where
|ai〉 is a basis of HA and |bi〉 is a basis of HB. We choose θ such that cos θ ≥ 0
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and sin θ ≤ 0 The positivity of (A.2) thus implies
∑
i
di ≤ cos
2 θ(1− P ) + sin2pi + θP
2 cos θ sin pi + θ
, (A.3)
where di are the singular value of D. Taking the maximum over θ of (A.3), we
obtain ∑
i
di ≤
√
P (1− P ), (A.4)
which is useful for bounding the terms Tr
(
b†B + bB†
)
in (??). Indeed one has
Tr
(
bB†
)
= Tr
(∑
j
(dj |aj〉 〈cj|B)
)
=
∑
j
dj 〈j¯|B |j〉
≤
∑
j
dj| 〈j¯|B |j〉 |
≤
∑
j
dj|bmax|
≤
√
P2(1− P2)|bmax|,
where bmax is the maximum singular value of B in amplitude. We have
Tr
(
bB†
) ≥ −√P2(1− P2)|bmax|, (A.5)
thus we arrive to the expected bound.
Computation of λmin
We can find λmin by noting that max |〈Jˆα〉| = N2 and 〈Jˆ2α〉 ≤ N
2
4
, thus since
min 〈W¯N 〉 ≤ min 12pidφ〈WN 〉 we have that λmin is larger or equal to 1− 3N
2
4
Computation of |bmax|
Le us consider that WN =
(
AN BN
B†N CN
)
We want to compute the singular value ofBN . Although this matrix can be infinite,
we then perform the phase randomisation on the matrix itself. Let us recall that
WN =
∏N
i e
iφia
†
iaiW¯N
∏N
i e
−iφia†iai , which implies that BN =
∏N
i e
iφia
†
iaiB¯N
∏N
i e
−iφia†iai .
We want to bound quantity
∫
1
2pi
dφTr
(
b†BN + bB
†
N
)
. One have 1
2pi
dφTr
(
b†BN
)
=
Tr
(
b† 1
2pi
dφBN
∏N
i e
iφia
†
iaiB¯N
∏N
i e
−iφia†iai
)
. Since the matrixBn =
1
2pi
dφBN
∏N
i e
iφia
†
iaiB¯N
∏N
i e
−iφia†iai
now has a finite size, we can then numerically compute the singular value of Bn
and deduce |bmax| which will depend on N and on the settings.
80
APPENDIX B
STATISTICS
Variance for the estimator of 〈W〉
We consider the following estimator for Jˆ2α,
ξ(Jˆ2α) =
n∑
i=1
(Jαi)
2
n
(B.1)
The variance of such estimator is then given by
var(ξ(Jˆ2α)) =
var(Jˆ2α)
n
. (B.2)
Since W = 2Jˆ0(
N
2
− 1)) − 2Jˆ2α + cst, we can just consider that we are evaluating
each term on different runs and then sum the variance for each terms in order to
have a conservative estimation of the estimator of W. We end up with
var(ξ(W )) ≤ 4var(Jˆ
2
α)
n
+ 4(
N
2
− 1)2var(Jˆ0)
n
. (B.3)
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We thus have to compute fourth order moments of collective observable,we then
simply use the fact that
Jˆ4α =
1
16
(
N∑
i,j,k,l
σ(i)α σ
(j)
α σ
(k)
α σ
(l)
α )
=
1
16
(NI+ 4(N2 −N)σ3α(i 6=j)σ(j 6=i)α
+ 3(N2 −N)σ2α(i 6=j)σ2α(j 6=i)
+ 6(N − 2)(N − 1)Nσ2α(i 6=j 6=k)σ(j 6=i 6=k)α σ(j 6=i 6=k)α
+ (N4 − 6N3 + 12N2 − 6N)σ(i 6=j 6=k 6=l)α σ(j 6=i 6=k 6=l)α σ(j 6=i 6=k 6=l)α σ(j 6=i 6=k 6=l)α ).
Together with the fact that each of this terms can be easily computed on a coherent
state and after the integration (4.13), on our state.
Variance for the estimator of 2
√
P2(1− P2)|bmax|
To avoid the problem of the variance of an estimator for the square root, we then
simply consider a linearised upper bound for the quantity 2
√
P2(1− P2) around
the expected P2 which we call f(P2). For the estimation of P2, we consider a
random variable X which take value 1 with probability P2 and 0 with probability
1− P2, we then have the following estimator
ξ(P2) =
n∑
i=1
(Xi)
n
(B.4)
for which the variance is equal to (1−P2)P2
n
. the same hold for the term λminP2.
Variance for the estimator of wPPT
The dependence of this term with respect to the measured quantity P1 is non
trivial since it is a parameter in the performed SDP. To avoid this problem, we
first compute the standard deviation of P1, σP1 . We then overestimate P1 with P
′
1 =
P1 + 3σP1 to have an estimation with a statistically relevant P1. minρbis Tr(Wqbitρ)
contains in this way the statistical fluctuation of P1.
82
Oudot Enky
Personal Details
Address: 2 rue Eugene Charron Phone: +33 (0)60 116 9659
Saint-Louis, FR-68300 Email: enky.oudot1@gmail.com
France
Education
University of Basel, Switzerland
Doctor of Philosophy (Physics) Sep 2014- Dec 2018
University of Paris-Sud, France
Master of Science (Physics) Sep 2012 - Sep 2014
Bachelor of Science (Physics) Sep 2009 - Sep 2012
- Double Major in Physics and Mathematics
Work Experience
Department of Physics, University of Basel
Position: Doctoral Assistant Sep 2014 - Current
• Research
– Currently investigating genuinen entanglement in large systems.
– Systematically cast physical problems into precise mathematical quantities for analysis
– Utilise assumptions and constraints to identify mathematical relations, and present bounds on the be-
haviour of physical systems in peer-reviewed publications
– Review literature for gaps in existing knowledge, in collaboration with senior researchers, allowing for
formulation of new scientific direction
– Contributed to discussions over analytical functions and matrix operators, in group discussions, helping
to guide co-workers to more accurate and powerful solutions in their projects, strengthening final results
• Teaching and Outreach
– Assistant for the lecture ”Stochastic process and application for finance”
– Help to create a new lecture on ”Introduction to quantum mechanics”
– Mentored undergraduates as part of their formation into beginning their own research projects, pointing
out possible research directions for their pursuit
Attributes and Skills
• Ability to solve complicated problems
• Fluent in English and French
• Proficient with Matlab and Mathematica, for programming of numerical simulations
• Well versed with MS Office and LaTeX for document processing
Scientific Publications
• E. Oudot, P. Sekatski, F. Frwis, N. Gisin, and N. Sangouard,
Two-mode squeezed states as Schrdinger cat-like states,
JOSA B 32, 10 (2015)
• E. Oudot, Jean-Daniel Bancal, Roman Schmied, Philipp Treutlein, and Nicolas Sangouard. Optimal
entanglement witnesses in a split spin-squeezed Bose-Einstein condensate,
Phys. Rev. A 95, 052347(2017)
• Amaury Dodel, Anthony Mayinda, E. Oudot, Anthony Martin Pavel Sekatski, Jean Daniel Bancal, and N.
Sangouard,
Proposal for witnessing non-classical light with the human eye,
Quantum 1, 7 (2017).
• Melvyn Ho, E. Oudot, Jean-Daniel Bancal, and Nicolas Sangouard,
Witnessing optomechanical entanglement with photon counting,
Physical Review Letters 121, 023602 (2018)
